16.8 Stokes’ Theorem, page 1134

Stokes” Theorem can be regarded as a generalization of Green’s Theorem.

e Green’s Theorem relates a double integral over a plane region D to a line

integral around its plane boundary curve.

e Stokes’ Theorem relates a surface integral over a surface S to a line integral

around the boundary curve (space curve) of S.
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Figure 1: Green’s Theorem (left) and Stokes’ Theorem (right).

Figure 1 (right) shows an oriented surface with unit normal vector n. The
orientation of S induces the positive orientation of the boundary curve C' (G25-#iR
Z IEBIZE) shown in the figure.
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Stokes’ Theorem (page 1134). Let S be an oriented piecewise smooth surface
that is bounded by a simple, closed, piecewise smooth boundary curve C' with posi-

tive orientation. Let F be a vector field whose components have continuous partial

derivatives on an open region on R3 that contains S. Then

%F-dr://curlF-dS.
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(a) Since
%F-dr:%F-Tds and //curlF-dS://curlF-ndS,
c c S S

Stokes” Theorem says that the line integral around the boundary curve of S
of the tangential component of F is equal to the surface integral over S of the

normal component of the curl of F.

(b) Green’s Theorem is the special case of Stokes’ Theorem, where S is flat and

lies in the xy-plane with upward orientation, and the unit normal is k, so

/F~dr:/de+Qdy:// (a—Q—a—P)dA
c c p \O0x 0Oy
://curlF-dS://curlF-de.
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Example 1 (page 1136). Evaluate [, F - dr, where F(z,y,2) = —y’i+zj+ 2°k
and C' is the curve of intersection of the plane y+ 2z = 2 and the cylinder 2% +y? = 1.

(Orient C' to be counterclockwise when viewed from above.)

Solution.

Solution 2.

Example 2 (page 1137). Compute the integral [, curlF -dS, where F(z,y, z) =
rzi+yzj+ zyk and S is the part of the sphere 2% + 3% + 22 = 4 that lies inside
cylinder 22 + y? = 1 and above the zy-plane.

Solution.

Solution 2.
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Solution 3.
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Example 3. Suppose that S consists of the part of cylinder 22 +y?> =1,0< 2 <1
and the lid 2> +9* <1,z =1. Let F = —yi+zj+2*k. Evaluate [[,V xF-ndS,

where S is oriented outward viewed from the origin.

Solution.

Solution 2.

Example 4. Suppose that C'is the circle that is the intersection of the plane passing
through the origin and the sphere 22 + %> + 22 = 4. Let F = zi+ 2j + yk. Find

the equation of the plane such that the line integral [ o F - dr attains the maximum.

Solution.
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Appendix, page 1135

Proof of a special case of Stokes’ Theorem. We assume that the equation of S is
z = z(x,y), (z,y) € D, where z(x,y) has continuous second order partial derivatives
and D is a simple plane region whose boundary curve C; corresponds to C'. If the
orientation of S is upward, then the positive orientation of C' corresponds to the

positive orientation of C. So we have r(z,y) = zi+yj+ z(z,y) k and
r.(r,y) =1i+0j+ 2z, k, r,(z,y) =0i+1j+ 2k,
r, Xr,(r,y) =—2,1—2,j+ 1k

Figure 2: Proof of Stokes” Theorem.
Let F = Pi+ Qj+ Rk. We first compute
// curl F - dS = // (—(Ry — Q2)zs — (P, — Ry)zy + (Qn — Py)) dA,
5 D

where the partial derivatives of P, @, and R are evaluated at (z,y, z(x,y)). On the
other hand, if C} is given by ry(t) = x(t) i + y(t) j, where ¢ is from a to b, then C is
given by r(t) = z(t)i+y(t)j + z(z(t), y(t)) k, where ¢ is from a to b. So

/ Fodr— / "R () + Q1) + R (1) dt
C a

b
_ / (P2 (£) + Qu/(£) + R(ze(£) + 2,5/ () dt

b
= / (P4 Rz)x'(t) + (Q + Rz,)y'(t)) dt = /C (P+ Rz,)dz + (Q + Rz,) dy

= / <§z (Q+ Rz,) — gy (P + sz)> dA. (by Green’s Theorem)
D

Using the Chain Rule carefully, that is, P, (), and R are functions of z,y, and z and

z itself a function of x and y, we will get

c p \ —(P,+ P.zy+ Ryz, + R.2y2, + Rzyy)

N //D (= (Ry = Q) 2 — (P = Ry) 2+ (Qu — ) dA.
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