15.5 Surface Area, page 1026

Goal: Find the formula of the surface area of the graph of f(z,vy).
Let S be a surface with equation z = f(z,y), where f(z,y) has continuous partial
derivatives. We assume that f(z,y) > 0 and the domain D of f is a rectangle. The

idea is to approximate the surface area by the “tangent plane areas.”

(1) Divide D into small rectangles R;; with area AA = AzAy.

(2) If we choose (x;,y;), the corner of R;; closest to the origin, as a sample point,
then the tangent plane to S at Pj; = (x;,y;, f(xi,y;)) is an approximation to
S near P;;. The area AT;; of the part of this tangent plane that lies directly
above R;; is an approximation to the area AS;; of the part of S that lies

directly above R;;.
= | - f:c(% yi)AxAyi - fy(xivyi)Axij + AzAy k|

= \/1 + (fel@i, yi)2 + (fy (i, vi))* AA.
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Figure 1: The area of a parallelogram AT;; = |u; x v;|.

(3) The sum ) > AT;; is an approximation to the total area of S.
i=15=1

(4) We define the surface area (HHEIEE) of S to be
Area(S) = lim Z Z \/1 + (fel@i yi)? + (fy (i vi))? AA.
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Theorem 1 (page 1027). The area of the surface with equation z = f(x,y), (z,y) €

D, where f, and f, are continuous, is

Area(S) = //D \/1 + (fa(z,9))? + (fy(z,9))?dA.
O SEHRFES (v,y = f(2),a <z <bBIEAR: L= ["/1+ (f'(2))?dz.
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Example 2 (page 1027). Find the surface area of the part of the surface z = 22+ 2y

that lies above the triangular region 7" in the xy-plane with vertices (0,0), (1,0),
and (1,1).

Solution.

Example 3 (page 1028). Find the area of the part of the sphere 2% + y? + 22 = 4
that lies within the cylinder 2% + y? = 2x.

Solution.

Example (TA) 4. Find the area of the surface z = (x:

Solution.
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