14.6 Directional Derivatives and the Gradient Vec-
tor, page 946

Directional Derivatives, page 946

Definition 1 (page 947). The directional derivative (Fi[F1EE) of f(x,y) at (zo, yo)

in the direction of a unit vector u = (a, b) is

f(zo + ha,yo + hd) — f(z0,v0)

Dy f(zo,y0) = }llim

=0 h

if this limit exists.

------------- <0, Yo,
o =y
Figure 1: Directional derivative.
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Theorem 2 (page 948). If f is a differentiable function of x and y, then f has a

directional derivative in the direction of any unit vector u = (a,b) and
Duf(z,y) = folz,y)a+ fy(z,9)b = (fo(z,y), fy(2,v)) - (a, D).

Proof. Define g(h) = f(x(h),y(h)) = f(xo + ha,yo + hb), then by the definition of

a directional derivative and the Chain Rule, we have

Duf (o, 50) = 610) = [%@ * a—y—dh]
h=0

= fr(x07y0)a + fy(x07y0>b = (fm(l’o,y0>, fy(l’(],y(])) : (a7 b)

O

If the unit vector u makes an angle 6 with the positive z-axis, then we can write

u = (cosf,sinf) and the directional derivative becomes

Duf(x,y) = fo(x,y) cosb + f,(z,y) sin = (fo(x,y), fy(2,y)) - (cos b, sin ).
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The Gradient Vector, page 949

Definition 3 (page 950). If f is a function of two variables z and y, then the
gradient (B8E) of f is the vector function V f or grad f defined by

Vi(z,y)=grad f(z,y) = (fo(x,v), f,(z,y)) = a_f I a_g

Theorem 4 (page 950). If f is a differentiable function of x and y, then f has a

directional derivative in the direction of any unit vector u = (a,b) and

Duf(xvy) = Vf(x,y) ‘u
L) ArEgs MaEne i rEmigasE] Ik,
L) &8 f(x,y) E"ﬂ%xfﬁli V= (fu, [y) BT zy-TH Eo

Maximizing the Directional Derivative, page 952

Theorem 5 (page 952). Suppose f is a differentiable function of two variables. The
maximum value of the directional deriwvative Dyf(x,y) is |V f(x,y)| and it occurs

when u has the same direction as the gradient vector V f(x,y).

Proof. Since |u| =1, we have
Duf=Vf-u=|Vf||lulcost = |Vf|cosb,

where @ is the angle between V f and u. The maximum value of cos# is 1 and this
occurs when 6 = 0. Therefore the maximum value of D, f is V f when u is the same
direction as V f. O

[ MR (Cauchy inequality) u-v < |[ul|||v]ls
Example 6. Let f(x,y) = 22° —zy +y? — 22 + v.
(a) Find the directional derivative Dy f(p), where p = (0,0) and u = (?, %)

(b) Find the unit vector v that the directional derivative Dy f(p) is maximal.

Solution.
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Functions of Three Variables, page 950

Using vector notation, we can write the directional derivative in the compact form:

f(xo + hu) — f(xo)
h

Dy f(xo) = lim =V [f(x0) - u.

where xq = (20, y0) if n =2 and x¢ = (g, Yo, 20) if n = 3.

Tangent Planes to Level Surfaces, page 954

Suppose S is a level surface with equation F(x,y,z) = k, and let P(xg, o, 20) be
a point on S. Let C be any curve that lies on the surface S and passes through
the point P, that is, C' is parameterized by r(t) = (x(t),y(t), 2(t)) and r(ty) =
(z(to),y(to), 2(to)) = (o, Yo, 20). Since C' lies on S, we know

F(a(t), y(t), () = k. (1)

If z,y, and z are differentiable functions of ¢ and F' is also differentiable, then we

can use the Chain Rule to differentiate both sides of equation (1) as follows:

oFdr OFdy OFdz r

In particular, when ¢ = ty, we have VF(x¢.yo, 20) - ¥’ (tg) =0

The gradient vector at P, VF(xq, Yo, 20), is perpendicular to the tangent
vector r'(0) to any curve C' on S that passes through P.

Definition 7 (page 954). If VF(xq,yo, 20) # 0, it is therefore natural to define the
tangent plane to the level surface F(x,y,z) =k at P (FAIHEIYIFME) as the plane

that passes through P and has normal vector V F(xg, 3o, 20). The equation is
Fo(20, Y0, 20)(x — 20) + Fy(w0, Yo, 20)(y — Yo) + F= (20, Yo, 20)(2 — 20) = 0. (2)
L SHESnmm Y, 56N S VIR A &,

Definition 8 (page 954). The normal line (¥#%) to S at P is the line passing
through P and perpendicular to the tangent plane. The direction of the normal line

is the gradient vector VF'(zo, Yo, 20), and so its symmetric equations are

T — Zo _ Y—1Y _ Z— 20 (3)
Fy(x0,90,20)  Fy(zo,Y0,20)  F:(x0, Y0, 20)

L EHEARTERBET 2 = f(o,y), TEK F(z,y,2) = 2 — f(z,y) = 0

§14.6-3



Example 9 (page 941). Find the equations of the tangent plane and normal line
at P(—2,1,3) to the ellipsoid 2+ + %2 =3.

Solution.

Significance of the Gradient Vector, page 955
Consider a function of two variables f(x,y).
(1) The gradient vector V f is orthogonal to the level curve f(z,y) = k.

(2) The gradient vector V f gives the direction of fastest increases of f.

V£(p)

flz,y) = /

curve of steepest ascent

x
Figure 2: The gradient vector is orthogonal to the level curve.
Consider a function of three variables F'(z,y, z).
(1) The gradient vector VF' is orthogonal to the level surface F(z,vy, z) = k.

(2) The gradient vector VF gives the direction of fastest increases of F.

z

(p)

Ny

yd y

x F(x,y,z) =k

Figure 3: The gradient vector is orthogonal to the level surface.
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Intersection of Two Surfaces

Suppose S; and Sy are two surfaces determined by two equations F'(x,y, z) = 0 and
G(z,y, z) = 0, respectively. The intersection of two surfaces is a space curve called
C'. Suppose that r(t) is a parametric equation of the space curve C and r(ty) = P,
then r/(ty) is parallel to VF(p) x VG(p).

Figure 4: Intersection of two surfaces.

Example 10. Find the parametric equation of the tangent line to the curve of
intersection of the surfaces 2 + 2y? + 2% = 4 and 2% + y*> — 22 = 1 at the point
(1,1,1).

Solution.
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