14.3 Partial Derivative, page 911

Definition 1 (page 913). If f is a function of two variables z and y, suppose we
let only x vary while keeping y fixed, say y = yo, then g(z) = f(x,yo) is a function
of a single variable z. If g(x) has a derivative at © = zy, then we call it the partial
derivative (TREH) of f with respect to x at (x¢,yo) and denote it by f,.(zo,yo). Thus

h) — h _
fw(x(]’yo) _ g/(%) _ }lg% g($o + ;)l 9(1'0) _ ,llli% f($0 + ,yo})L f(xo,yo).

Similarly, the partial derivative (IREB2) of f with respect to y at (g, yo) and denote
it by fy(xo,v0), is obtained by keeping x fixed, say x = xy, and finding the ordinary
derivative at y = yo of the function g(y) = f(xo,y):

fy(x0,90) = §'(yo) = lim 900 + h}z —9(o) = lim fwo,yo +h) — f(%’yo).

h—0 h—0 h

Definition 2 (page 913). If f is a function of two variables, its partial derivatives
(lREHE) are the functions f, and f, defined by

f(l’—i-h,y)—f(l’,y)

fy ) = tim L0 2 (00),

Notations for Partial Derivatives. If z = f(z,y), we write

of 9 0z

fm(xvy):fﬂc— gl' —aa_xf<x7y>:g_x :fl :Dacf:lev
g 00 N9
fy(xvy)_fy_ay_ayf( 7y)_ay_f2—Dyf_D2f'

Rule for Finding Partial Derivative of z = f(z,y).
(1) To find f,, regard y as a constant and differentiate f(z,y) with respect to x.
(2) To find f,, regard x as a constant and differentiate f(z,y) with respect to y.
O WESEeRFEE, EEdmes) FEaESsmy, HalEEi.
Example 3 (page 914). If f(x,y) = 2® + 2%y — 29/, then
(a) folz,y) =
f=(2,1) =
(b) fy(z,y) =
fy(2,1) =
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Interpretations of Partial Derivatives, page 915

The partial derivatives f,(xo, o) and f,(zo,yo) can be interpreted geometrically as
the slopes of the tangent lines at P(xo, o, f(Z0,%0)) to the trace C; and Cy of the
surface S in the planes y = yg and = = x.
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Figure 1: Geometric meaning of partial derivatives.

Example 4 (page 917). If f(z,y) = sin (Fwy)v calculate % and g—g.

Solution.

Example 5 (page 917). Find % and g—; if z is defined implicitly as a function of x
and y by the equation 23 + ¢® + 23 + 6xyz = 1.

Solution.

sin(z2y)
Exercise (page 927). If f(x,y) = LS, find f.(1,0).
(22 +y?)>

Functions of More Than Two Variables, page 917

If z = f(x1,29,...,7,) is a function of n variables, its partial derivative with respect
to the i-th variable x; is
82 . f(l’l,...,l’i_l,l'i+h,l’i+1,...,l’n)—f(l’l,...,l’i,...,l’n)
— = lim
dr;  h—0 h
We also write
0z of
or. o, Joi =1 f
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Higher Derivatives, page 918

If f is a function of two variables, then its partial derivatives f, and f, are also func-
tions of two variables, so we can consider their partial derivatives (fy)z, (f2)y, (fy)zs
and (f,),, which are called the second partial derivatives (ZRIREBE) of f. If

= f(z,y), we use the following notation:

B of\ _ 0*f 9%z
(fw)x - fmm fll ((%) - % - 81’2’
af\ _ f
. ofN _ o*f 9%z
Unle = Juu=1n =5, (a—y) = Doty ~ u0y

B 0 (of\ _&f &=z
(fy)y - fyy f22 - a_ <a_y) - 8—3/2 - 8—y2

FHEEh
/LA %a /E\O

O BRTEOIERT f., MBEHK 2L KRR
= /2?2 +y%. For (z,vy)

Exercise. Let r(z,y) # (0,0), compute 74, 7y, Tuws Tays Ty,

and 7y,.

Clairaut’s Theorem (page 919). Suppose f is defined on a disk D that contains
the point (xo,vo). If the functions f, and f,, are both continuous on D, then

fxy(lba yO) = fyx($0a yO)'
O “ KR £, B [, WESR [SEEY, FEEECT ans,
3 _
Exercise. Let f(x,y) = H

(a) Determine the value f(0,0) such that f(z,y) is continuous at (0, 0).

(b> FlIld fﬂc(xvy>7fm(xvy)7fﬂc(070> and fy(070)

(¢) Compute f,,(0,0) and f,.(0,0).

Partial Differential Equations, page 920

Partial derivatives occur in partial differential equations (&5 5*2) that express

certain physical laws. For instance,

() u=u(z,y), Au= 2%+ 8—y = 0: Laplace’s equation (hiEHiHiH72).

(b) u=u(t,z), % = g— heat equation. (BVEEHIE).
(¢) u=u(t,z), %; g—: wave equation (JHEI/TE)
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EYEif (x,y) # (0,0)

0 if (z,y) = (0,0)
(a) Find f,(z,y) and f,(z,y) when (z,y) # (0,0).

(b) Find £,(0,0) and f,(0,0).

(c) Find foy(z,y) and fye(z,y) when (z,y) # (0,0).

(d) Find f,,(0,0) and f,,(0,0).

Example 6 (page 927). Let f(x,y) = {

(e) Do the results of (¢) and (d) contradict Clairaut’s Theorem?
Solution.

(a) Direct computation gives

folz,y) = (2% + ) (32%y — y°) — (23y — 29°)(22) _ ey 4 Azt — g
o (1'2 + y2)2 (1»2 + y2)2

fy(z,y) =
(b) By definition, we have
f(0,0) =
4(0,0) =

(¢) Direct computation gives

2% 4+ 9zty? — 92?2yt — o8

fxy(zay): (a72+y2)3
6 9 4 2_9 2,4 _ ,6
fyx(zay) = ° _'_ - y2 ngy y
(22 +y?)

(d) By definition, we have
fl‘y(oa O) =

fyw(oa O) =

(e) Results of (c) and (d) don’t contradict to Clairaut’s Theorem because both
fay(z,y) and fy.(x,y) are not continuous at (0,0). We cant take path Cy(z) =

(SL’,O),SL’ # 0 and C2(y> = (an)ay # 0 to get fmy(xuy)‘cl(x) = fyw(xvy>|01(gc) =1

and foy(2,9) o) = foe(®,Y)|cow) = —1. That is, lim  f,,(z,y) and
(x,y)—(0,0)
lim (2, y) do not exist.
(m,y)—>(0,0)f (z:9)

L] sEssekimE, AE&HE, B () &, ZRFRERBERF KA REHES,
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