14.2 Limits and Continuity, page 903

Definition 1 (page 904). Let f be a function of two variables whose domain D
includes points arbitrary close to (a,b). Then we say that the limit of f(z,y) as
(x,y) approaches (a,b) is L (FRE f(x,y) T (a,b) BIMIR{ER L) and we write
lim x,y) =L
(Ivy)%(a,b)f( 2

if for every number £ > 0 there is a corresponding number § > 0 such that if
(z,y) € D and 0 < \/(z —a)?2 + (y — b)2 < 4, then |f(z,y) — L] < &.

Other notations for the limit are

lim f(z,y) =L and f(z,y) = L as (z,y) — (a,b).

y—b

The definition refers only to the distance between (z,y) and (a,b). It does not
refer to the direction of approach. Therefore, if the limit exists, then f(z,y) must

approach the same limit no matter how (x,y) approaches (a,b). Therefore, we get

Property 2 (page 905). If f(z,y) — L1 as (z,y) — (a,b) along a path Cy and

f(x,y) = Ls as (x,y) — (a,b) along a path Cy, where Ly # Lo, then( l)m% ) f(z,y)
x,y)—(a,

does not exist.

U BREE < DK MR SrE s —EH .

Example 3 (page 905). Show that ( l)irr%o 0 % does not exist.
:B,y % b}

Solution.

Example 4 (page 906). If f(z,y) = %%, does “ yl)ig%o 0 f(z,y) exist?

Solution.
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Example 5 (page 906). If f(z,y) = %24, does lim  f(x,y) exist?
e (y)—=(0,0)

Solution.

[ EgBanR A (SR AR | EirsT—ERARER(E, BRJYE 18R E1E,
We can use polar coordinates to find the limit. Note that if (r,6) are polar
coordinates of the point (z,y) with » > 0, then r — 07 as (z,y) — (0,0).

322y

Example 6 (page 896). Find  lim if it exists.

2 2
(z,y)—(0,0) TV

Solution.

Exercise (page 910-911). Find the limit, if it exists, or show that the limit does

not exist.

Yy

a lim .
( ) (z,5)—(0,0) \/z2+y?

b) lim  Zwe
®) B 747

2 +y2

li 2?2
© (:my)liréo,()) N

1' 2 2 1 2 2 .
(@, Jim (@2 + %) In(a? + )
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Continuity, page 907

Definition 7 (page 908). A function f of two variables is called continuous at (a,b)
if
lim )f(x,y) = f(a,b) = f( lim =z, lim y).

(@y)—(ab (@y)—=(ab)  (zy)—(ab)

We say f is continuous on D if f is continuous at every point (a,b) in D.

A polynomial function of two variables (or polynomial — 82K, for short) is
a sum of terms of the form cx™y", where c is a constant and m and n are nonnegative
integers. A rational function (B ) is a ratio of polynomials. All polynomials
are continuous on R2. Any rational function is continuous on its domain because it

is a quotient of continuous functions.

Example 8 (page 908). Where is the function f(z,y) = zz;zz continuous?

Solution. The function f(z,y) is discontinuous at (0,0) because it is not defined

there. Since f(z,y) is a rational function, it is continuous on its domain D =

{(z,y)l(z,y) # (0,0)}.
Example 9 (page 908). Let

| Z2L i (2,y) #(0,0)
.f(xay) - { + f y

0 if(z,y) = (0,0)

Here f(z,y) is defined at (0,0) but f(x,y) is still discontinuous there because

lim  f(x,y) does not exist. (See Example 3.)
(z,y)—(0,0)

Example 10. Let

[ 1@ £ 00
f( >y)_{0 if (z,y) = (0,0)

We know f(z,y) is continuous for (z,y) # (0,0) since it is equal to a rational

function there. From Example 6, we have

Therefore, , and so it is continuous on __ .

Property 11 (page 909). If f is a continuous function of two variables and g is a
continuous function of a single variable that is defined on the range of f, then the
composite function h = g o f defined by h(z,y) = g(f(z,y)) is also a continuous

function.
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Example 12 (page 909). Where is the function h(z,y) = tan™! (£) continuous?

Solution. The function f(z,y) = £ is a rational function and therefore continuous
except on . The function g(t) = tan~'t is continuous everywhere, so the

composition function h(z,y) = g(f(z,y)) = tan* (¥) is continuous except where

Exercise (page 911). Determine the set of points at which the function is continu-
ous.

B it (a,y) # (0,0)
f ’y)_{ 1 if (z,y) = (0,0)

Functions of Three or More Variables, page 909

Everything that we have done in this section can be extended to functions of three
or more variables. The notation

lim  f(r,y,2)=L

(z,y,2)—(a,b,c)

means that the values of f(z,y,z) approach the number L as the point (x,y, 2)
approaches the point (a, b, ¢) along any path in the domain of f. The function f is
continuous at (a, b, c) if

lim flx,y,2) = f(a,b,c) = f ( lim lim vy, lim z) .

(z,y,2) = (a,b,c) (@y.2)=(abe)  (zyz)—(abe)” (zy.2)(abe)
For a function of n variables, we can write these definitions in a single compact
form by vector notation. For instance, let x = (z1,x9,...,2,), a = (a1, as,...,a,),
and f(x) is a function of n variable, The function f is continuous at a if

lim f(x) = f(a) = f <lim x) .

X—a X—a

Exercise. Let

fla,y,z) = { e

Determine the set of points at which f(z,y, z) is continuous.
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