Chapter 13 Vector Functions

13.1 Vector Functions and Space Curves
(page 848)

We now study functions whose values are vectors because such functions are needed

to describe curves and surfaces in space.

Definition 1 (page 848). A vector-valued function, or vector function (MIZEEKHE), is

a function whose domain is a set of real numbers and whose range is a set of vectors.

Here we will focus on vector functions r whose values are three-dimensional
vectors. This means that for every number ¢ in the domain of r there is a unique

vector in R3 denoted by r(t). We can write

r(t) = (f(t), g(t), h(t)) = f(t)i+g(t)j+ h(t) K,

where f, g, h are real-valued functions of ¢ called the component functions (5 &
#H) of r.

L) #E&dh i=(1,0,0),j=(0,1,0), k = (0,0,1) £ R> FAYE A LIEHE,

L] BRARFRESR v(t) = (f(1), 9(0), h(2)) FrAERE, BRI STRMEE F/IMETR,

Example 2 (page 848). If r(t) = (3,In(3 — t),/?), then the component functions

f) =1,  gt)=Wm@B—1t), and h(t) =Vt

By the usual convention, the domain (EZHK) of r consists of all values of ¢ for which

the expresstion for r(t) is defined. Therefore the domain of r is [0, 3).

Definition 3 (page 848). The limit of a vector function r is defined by taking the
limits of its components functions as follows. If r(¢) = (f(¢), g(t), h(t)), then

tim () = (T £(2),lim g(£),lim h(#) ) = lim f(£)+ lim g(£) + lim h(1) k

t—a

provided the limits of the component functions exist.

Definition 4 (page 849). A vector function r is continuous at a if Pm r(t) =r(a).
—a

[ Mg PTRUE R (% B2 THERR | w DL,
U mEES r (7 ¢ = o) HEEHEHESFESEEE (1), 9(t), h(t) (£ t = a) HEif.
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There is a closed connection between vector-valued functions and space curves.

Definition 5 (page 849). The set C of all points (x,y, z) in space, where

r=[f(t), y=g), z=hd), (1)

and t varies throughout the interval I, is called a space curve (ZZfEHH#R). The
equations in (1) are called parametric equations of C' (B &) and ¢ is called a
parameter (Z8).

[ BEHE r(¢) HABSAIERE (position vector)o

L) rzefdhie) 2 R® Piy—LBi i (54 ], TREERSTHN (280512 R,

Example 6 (page 849). The curve r(t) = costi+sintj+tk is called a heliz (¥

).
z
x Yy
Figure 1: A helix r(t) = costi+sintj+tk,0 <t < 6m.
Example 7.

(a) Find a vector equation and parametric equations for the line that join the
point A(aq, az, az) to the point B(by, bs, b3).

(b) Find a vector equation and parametric equations that represents the curve of

intersection of the cylinder z? + y? = 1 and the plane y + z = 2.

Solution.
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Using computers to draw space curves, page 851

(a) Toroidal spiral:

x=(4+sinTt)cost, y = (4 +sin7t)sint, z =cos7t, 0 <t < 2.

(b) Trefoil knot:

x = (24 cos1.5t)cost, y = (2+ cos1.5t)sint, z =sin1.5¢, 0 <t < 4.

(c) Twisted cubic: x =t, y=1t% z=1.

Figure 2: (a) Toroidal spiral. (b) Trefoil knot. (c¢) Twisted cubic.

Exercise (page 855). Find a vector function that represents the curve of intersection

of the two surfaces.

(a) The cone z = y/x? + y? and the plane z = 1 + y.

(b) The semiellipsoid x? + 3% + 422 = 4,y > 0, and the cylinder z? + 22 = 1.
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