11.4 The Comparison Tests (page 727)

The Comparison Test (page 727). Suppose that Y a, and > b, are series with

n=1 n=1
positive terms and a, < b, for all n.

(a) If > b, is convergent, then Y a, is also convergent.

n=1 n=1
(b) If > a, is divergent, then »_ b, is also divergent.
n=1 n=1

Proof. Let s, = > ap,tp, = > by, and t = >_ by.
k=1 k=1 k=1
(a) Monotone: Since both series have positive terms, the sequences {s,}>; and
{t,}°°, are increasing.

Bounded: Since a; < by, for all k, we have s, <t, <t.

By the , > a, converges.

n=1

(b) If 3 a, is divergent, then s, — oo, thus ¢, — oo. Therefore »_ b, diverges.
n=1 n=1

O

Most of time we use p-series and geometric series for the purpose of comparison.

(1) p-series: 21 L. Tt is convergent if and divergent if
(2) geometric series: Y ar™ ! Tt is convergent if and divergent if
n=1 —

o
Example 1. Show that the series n"—:L is convergent.
n=1

Solution.

Exercise. Determine the convergence of the following series:

Vntl+y/n®

(b) 21 \/sin 5. (Hint: )
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Exercise.

a) Prove that n(n+ 1) <14+ +...+L1 <14+1nn.
( ) 2 n

- 1
(b) Test for convergence of 7;1 [ s—

3|+

The Limit Comparison Test (page 729). Suppose that > a, and > b, are series
n=1 n=1
with positive terms. If

where ¢ is a finite number and ¢ > 0, then either both series converge or both diverge.

Proof. Let m and M be positive numbers such that m < ¢ < M. Since §* is close

to ¢ for large n, there is an integer N such that

m<%<M:>mbn<an<Mbn when n > N,

By the , we know both series converge or both diverge. [

O Pl e e iRt e 2 U A [ IEER B,

Example 2 (page 730). Determine whether the following series converges or di-

verges.
= o =, 2n2 + 3n
a b - =
Solution.

Exercise (page 726). Determine whether the following series converges or diverges.

@S (1+%)2e_" (b) i 11% ©S %




Estimating Sums, page 730

e}

If we have used the Comparison Test to show that a series »_ a, converges by
n=1

comparison with a series ) b,, then we may be able to estimate the sum »_ a, by

n=1 n=1
comparing remainders.
Consider the remainder R, = s — s, = api1 + Gpyo+--- and T, =t —t, =
bpi1 + byyo + - -. Since a, < b, for all n, we have R, < T,.

[e.e]
(1) If > b, is a p-series, we can estimate its remainder 7, as in Section 11.3.
n=1

(2) If > b, is a geometric series, we can sum it exactly.
n=1

Example 3 (page 730). Use the sum of the first 100 terms to approximate the sum

of the series Y n%ﬂ Estimate the error involved in this approximation.
n=1

Solution.

10

Example 4 (page 731). Use ). CO;# = 0.07393 to estimate the error of the sum of
n=1

o

3 COS2 n

the series 1 T
n=

Solution.

10
Exercise. Use ) ﬁ = (0.19788 to estimate the error of the sum of the series

=1
oo
> T
3n44n”
n=1
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Appendix

Example (TA) 5 (page 732).

(a) Suppose that > a, and > b, are series with positive terms and )’ b, is

n=1 n=1 n=1

[e.e]
convergent. Show that if lim §* = 0, then }_ a, is also convergent.
n—oo " n—=1

(b) Suppose that > a, and > b, are series with positive terms and »_ b, is

n=1 n=1 n=1

divergent. Show that if lim ¢ = oo, then Y a, is also divergent.

b
n—oo " n—1

(¢) Determine whether the following series converges or diverges.

HYH OYEL OYa @Xs

Solution.
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