Chapter 11 Infinite Sequences and Series

11.1 Sequences (page 694)
Definition 1 (page 694).
(1) A sequence (#F) is a list of numbers written in a definite order:
a1, A, A3, gy ooy gy e e -

The number a, is called the first term, as is the second term, and in general

a,, is the n-th term.

(2) An infinite sequence (FEESELF) is a sequence that each term a,, has a successor

Apt1-
(3) The sequence {aq, as,as, ...} is also denoted by {a,} or {a,}°;.

Example 2 (page 694). Some sequences can be defined by giving a formula for the
n-th term. There are three methods to describe a sequence. Notice that n doesn’t

have to start at 1.

@ (B = Godde )

) (ESEye g, U 23 G
() {Vn—=3}2,  an=vn-3n>3  {0,1,vV2,V3,....v/n—3,...}.
(d) {cos &}y, n=cos i n>0, {1,?,%,0,...,(303%”,...}.

Example 3 (page 695). Here are some sequences that don’t have a simple defining

equation.
(a) The Fibonacci sequence (B WAL EEF]) {f.} is defined recursively by the con-
ditions
f1:f2:1a fn:fn—l+fn—2a n > 3.

The first few terms are {1,1,2,3,5,8,13,21,34,55,...}. This sequence arose
when the 13th-century Italian mathematician known as Fibonacci solved a

problem concerning the breeding of rabbits.

(b) If we let a,, be the digit in the n-th decimal place of the number v/2, then {a,}
is a well-defined sequence whose first few terms are {4,1,4,2,1,3,5,6,2,...}.
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Definition 4 (page 696). (EFIHRIRZKEE )

(1) A sequence {a,} has the limit L and we write

lim a, = L or a, — L as n— oo
n—oo

if we can make the terms a,, as close to L as we like by taking n sufficiently
large.

(2) If lim a, exists, we say the sequence converges (or is convergent, {#). Oth-
n—oo

erwise, we say the sequence diverges (or is divergent, Z8).

(3) If a, becomes large as n becomes large, we use the notation lim a, = co.
n—oo

Theorem 5. If lim a, exists, then it is unique.
n—oo

Property 6 (Limit Laws for Sequences, page 697). If {a,} and {b,} are convergent
sequences and c is a constant, then

(1) lim (a, +b,) = lim a, + lim b,.

n—o0 n—o0 n—oo

(2) lim (a, — b,) = lim a, — lim b,.
n—o0 n—oo n—o0

(3) lim ca, =c lim a,. In particular, lim ¢ = c.
n—o0 n—o0 n—o0

(4) lim (apb,) = lim a, - lim b,.

n— oo n—oo n—oo
(5) lim % — 225" i fim b, £ 0
m 72 = A== 1f hm .

n— 00 bn 7L1me bn n— o0 "

(6) lim a? = <lim an>p if p >0 and a, > 0.
n—o0

n—o0

The Squeeze Theorem (KRIFEEH, page 698). If a, < b, < ¢, for n > ng and

lim a, = lim ¢, = L, then lim b, = L.
n—oo n—oo n—oo

Theorem 7. If lim a, = L, then the limit of any subsequences klim ap, = L.
n—o0 — 00

L] @R, EAHRE—E

[ SRR s p B AR — B [ AESE ) UK [ EE L.

[ seimess, HEREE R —TH 2 5% = E8EFE R/NFRRRT, RN E A BRI A/ NMER.
U FHIEEEEE RO EARE RIS HGE - BRBTER A FE,

Theorem 8 (page 698). If lim |a,| =0, then lim a, = 0.
n— 00 n—oo

Proof. Since , by the , we have lim a, =0. O

n—oo
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Theorem 9 (page 697). If lim f(z) = L and f(n) = a,, when n is an integer, then
T—r00

lim a, = L.
n—oo

Theorem 10 (page 699). If lim a, = L and the function f is continuous at L,
n—oo
then
lim f(a,) = f(L).

n—o0

Figure 1: Relations between functions and sequences.

L BT e 9, EH 10, eI LUK - 2 m s # R (1A | BIBE IR, i A
O] &2 10 B CEEH S I IREEIH TR | 2 HIEST.
= 0, (RRIBEHERBREEXKE)

Example 11. Discuss the convergence or divergence of the following sequences:
(a) ap = 5251 (b)Y by =2 () ¢, =T (d) dy =122 (e) e, = sin(T).

2n2+3n nm n n

[ % lim a, =0, 8 lim |a,| = ‘ lim a,

Solution.

Exercise (page 704). Determine whether the sequence converges or diverges. If it

converges, find the limit. (a) a, = \/n’;izw (b) b, = gZ;B: (c) ¢, = C";# (d)

dy=(14+2)" (e)en=n—Vn+1vn+3.
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Theorem 12 (page 700). The sequence {r"}°, is convergent if —1 < r <1 and

divergent for all other values of r. Furthermore, we have

0 if —1<r<l1
1 if r=1.

lim " =

Proof. Consider f(x) = a®. We know lim a* = ooifa > 1; lim a* =0if 0 < a < 1.

T—00 T—00

(1) Let a =, we get

Exercise. Show that lim nr™ =0 if |r| < 1.
n—oo

Definition 13 (page 700). A sequence {a,} is called increasing (&) if a, < ani1
for all n > 1, that is, a1 < as < az < ---. It is called decreasing (&) if a, > anyi1

for all n > 1. A sequence is monotonic (E#) if it is either increasing or decreasing.

Definition 14 (page 701). A sequence {a,} is bounded above (B LF) if there is a
number M such that a, < M for all n > 1. It is bounded below (B TH) if there is

a number m such that m < a,, for all n > 1. If it is bounded above and below, then

{a,} is a bounded sequence (B FEF).

Monotonic Sequence Theorem (page 702). Every bounded, monotonic sequence

is convergent. (BEFEFEIILWE )

X

Figure 2: Monotonic sequence theorem.
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[] EsEAE AR E B TSR (completeness axiom)o
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Example 15 (page 703). Investigate the sequence {a, }7°, defined by the recurrence
relation GEERLR): a1 =2, apy1 = 3(a, +6) forn=1,2,3,.. ..

Solution. Monotone: We claim: a, 1 > a, for all n € N.
(1) When n =1,
(2) Assume that it is true for n = k, that is, agy1 > ax.
(3) Whenn =k +1,

(4) By , we know {a,} is monotone.

Bounded: We claim: a,, < 6 for all n € N.
(1) When n =1,
(2) Assume that it is true for n = k, that is, a; < 6.

(3) Whenn =%k +1,

(4) By , we know {a,} is bounded above by 6.
Limit: By , we know lim a, exists. Let lim a, = L.
n—oo n—o0
Since

Example (TA) 16 (page 705). A sequence {a,}>, is given by a; = v/2,a,41 =
V2 + a,. Show that {a,} is increasing, bounded above by 3, lim a,, exists, and find
n—oo

lim a,.
n—oo

Solution.
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Exercise (page 705). Show that the sequence defined by a; = 1,a,41 = 3 — = is

an

increasing and a,, < 3 for all n. Deduce that {a,} is convergent and find its limit.

Example (TA) 17 (page 706). Let a, = (1+ 1)". Show that lim a, exists.

n—o0

Solution.

Exercise (page 706). Let a and b be positive numbers with a > b. Let a; be their
arithmetic mean (BEiiZF9) and b, their geometric mean ($fa[435):

alza;rbv by = Vab.

Repeat this process so that, in general

an + by,
Ap1 = ) bn—i—l =V a'nbn-

2
(a) Use mathematical induction (BUZFNE) to show that a, > ani1 > byt > by

(b) Deduce that both {a,} and {b,} are convergent.

(¢) Show that lim a, = lim b,. Gauss called the common value of these limits
n—oo n—o0

the arithmetic-geometric mean of the numbers a and b.
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