10.3 Polar Coordinates (page 658)

A coordinate system represents a point in the plane by an ordered pair of numbers.
We usually use Cartesian coordinates (F-REAAME, EALEE), which are directed

distances from two perpendicular axes. Here we describe another coordinate system

introduced by Newton, called the polar coordinate system (FRAAHE).
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Figure 1: Polar coordinate system. We choose a point in the plane that is called the
pole and is labeled O. Then we draw a ray starting at O called polar azis, which is
usually corresponds to the positive z-axis in Cartesian coordinates.

Here are some remarks about the polar coordinate system.

If P is any other point in the plane, let r be the distance from O to P and let
0 be the angle between the polar axis and the line OP. Then the point P is

represented by the ordered pair (r,8) are called polar coordinates of P.

We use the convention that an angle is positive if measured in the counter-
clockwise direction from the polar axis and negative in the clockwise direction.
If P = O, then r = 0 and we agree that (0, §) represents the pole for any value
of 6.

The points (—7,0) an (r,0) lie on the same line through O and at the same
direction |r| from O, but on opposite sides of O. If r > 0, the point (r, ) lies
in the same quadrant as 0; if r < 0, it lies in the quadrant on the opposite side

of the pole.
Notice that (—r, @) represents the same point as (r, 0 + 7).

The connection between polar and Cartesian coordinates:

(a) cosf = § sin ) = % (A BRI fa AR B AR RRR B R
(b) x =rcosf, y=rsinb. (1B F AL 1R I M A PR 2 )
(c) =22 +42 tanf= % (AL AT LT f AR R )
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Polar Curves, page 660

The graph of a polar equation r = f(6), or more generally F(r,8) = 0, consists of all
points P that have at least one representation (r,#) whose coordinates satisfy the

equation.

Example 1 (page 660-662). Plot the following curves represented by the polar

equation and find a Cartesian equation for this curve.

(a) r=2.
(b) §=1.
(¢) 7= 2cosb.

(d) r=1+siné.

(e) r = cos26.

Solution.

Symmetry, page 663
When we sketch polar curves it is sometimes helpful to take advantage of symmetry.

(a) If a polar equation is unchanged when 6 is replaced by —6, the curve is sym-

metric about

(b) If the equation is unchanged when r is replaced by —r, or when 6 is replaced

by 6 + 7, the curve is symmetric about

(c) If the equation is unchanged when 6 is replaced by m—6, the curve is symmetric

about
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Tangents to Polar Curves, page 663

To find a tangent line to a polar curve r = f(#), we regard 6 as a parameter and

write its parametric equations as

x =rcosf = f(0)cosf
y=rsinf = f(0)sind.

Using the method for finding slopes of parametric curves and the Product Rule, we

have
dy
A 1
. (1)
e Horizontal tangents: (provided that 92 # 0).
e Vertical tangents: (provided that % #0).

e Tangent lines at the pole: we put r = 0 into formula (1) and get

dy _
dr

Example 2 (page 664).
(a) For the cardioid 7 = 1+ sin , find the slope of the tangent line when 0 = %.
(b) Find the points on the cardioid where the tangent line is horizontal or vertical.

Solution.
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Graphing Polar Curves with graphing Devices

We can use graphing devices to sketch complicated curves. The curves shown in

Figure 2 are almost impossible to produce by hand.

() r = sin®(2.40) + cos*(2.40),0 € [3Z,22]. (b) r = sin?(1.20) +
cos(66),6 € [0,67] (c) r = sin (£6) ,6 € [0, 10m].
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Some interesting curves and their polar equations.
(a) 7 = asin(b): rose or rthodonea curve (BEEHR).
(b) 7 = a+ bf: Archimedean spiral (FJERERLR; FHIELR).
(c) r = ae®: logarithmic spiral (¥JEUIEHR).
(d) 7? = sin 20: lemniscate (ZHHHR).
(e) r= e — 2cos(46): butterfly curve (HEFZAR).
(f) r =1+ csin@: limacons de Pascal. (THETR#ELRE).
(g) r=1+2sin(%): nephroid of Freeth.
(h) r = \/m hippopede.
(i) r = |tan @]l *t?: Valentine curve.

Exercise (page 663). Find a formula for the distance between the points with polar

coordinates (ry,6;) and (rq, 05).

Exercise (page 664). Find the slope of the tangent line to the given polar curve at
the point specified by the value of 6. (a) r = 5,6 = . (b) r = c0s20,0 = %.
Exercise (page 664). Find the points on the given curve the tangent line is hori-

zontal or vertical. (a) r =3cosf. (b) r=1—sin6.
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