4.5 Summary of Curve Sketching (page 315)

Guidelines for sketching a curve

£  Domain: the set of x for which f(z) is defined.
% Intercepts: y-intercept f(0), z-intercepts: let y = 0 and solve for .
¥  Symmetry: even function, odd function, periodic function.

W  Asymptotes: horizontal asymptotes, vertical asymptotes, slant asymptotes.
—  Intervals of increase or decrease: use the Increasing/Decreasing test.

M Local maximum and minimum values: find the critical numbers of f

(f'(c) =0 or f'(c) does not exist.)

Z  Concavity and points of inflection: compute f”(z) and use the Concavity
Test.

Sketch the Curve: use the information in items 1-7, draw the graph.
Definition 1 (page 320). If
lim (f(z) — (ma + b)) =0,

T—00

where m # 0, then the line y = ma + b is called a slant asymptote (RHEHIAR).

Proposition 1. The graph of f(x) has a slant asymptote if and only if

lim @) =m#0 and lim (f(z) —mzx)=">0.

T—0o0 I T—00

Proof. When x > 0,

fw) _f@)ztmetd) by 9 g o—m
lim (f(z) —ma) = lim (f(z) — (mz +b) +b)
:gﬂli_)rgo(f(a:)—(mx+b))+xli_>rgob:O+b:b.

Conversely, we have

lim (f(z) — (ma +b)) = lim ((f(z) —mz) =)

T—00

= lim (f(z) —mz) — lim b=0b—0b=0.

T—00
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Example 1 (page 317). Sketch the curve y =

Solution.

A. The domain is

B. The z- and y-intercept are both _.
C. Since , the function f is )
D. Since

) 222

lim =

the line is a . The denominator is 0 when

we compute the following limits:

222 222
lim = lim =
e—1+ 22 — 1 zs1- 22 — 1
" 22,2 " 212
1m = 1m =
zo—1+ 32 — 1 zs—1- 22 —1
Therefore the lines and are vertical asymptotes.
E. Direct computation gives
y' =
Since f'(x) > 0 when and f'(x) < 0 when :
f is increasing on and decreasing on
F. The only critical number is . Since f’ changes from positive to negative
at 0, f(0)=01isa by the First Derivative Test.
G. Direct computation gives
fi(x) =
We know f”(z) > 0 on and f”(z) < 0on . Thus the curve is con-
cave upward on the interval and concave downward on

. It has no point of inflection since

H. Using this information to sketch the curve. (EfEA L)
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Example 2 (page 317). Sketch the curve y =

2

Va+l®

Solution.

A.

B
C.
D

The domain is

. The z- and y-intercept are both _.

Symmetry: None.

. Since

. z?
lim =

J—}

there is no horizontal asymptote. Since

$2

lim =

z——1T /2 1 -’

the line is a vertical asymptotes.

Direct computation gives

/

y:

We see that f/(x) = 0 when , so the only critical number is _. Since
f'(z) > 0 when and f'(x) < 0 when , f is increasing on

and decreasing on

Since f’(0) = 0 and f’ changes from negative to positive at 0, f(0) = 0 is a
by the First Derivative Test.

Direct computation gives

f'(@) =

Since the numerator is always , we know f”(x) > 0 for all = in the
domain of f, which means f is concave upward on and there is no

point of inflection.

Using this information to sketch the curve. (BEH_EA)
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Example 3 (page 318). Sketch the curve y = ze®.

Solution.

A.

B
C.
D

The domain is _ .

. The z- and y-intercept are both _.

Symmetry: None.

. Since

lim ze® = |
T—r00

there is no horizontal asymptote. By the I’'Hospital Rule, we have

. . T
lim ze* = lim — = ,
T——00 r——o00 @7

so the is a horizontal asymptote.

Direct computation gives

/

’y:

Since f’(x) > 0 when and f'(x) < 0 when , [ is increasing on

and decreasing on

Since f’(—1) = 0 and f’ changes from negative to positive at t = —1, f(—1) =
—elisa by the First Derivative Test.

Direct computation gives

f(x) =

Since f"(z) > 0 if and f"(z) < 0 if , [ is concave upward

on and concave downward on . The inflection point is

. Using this information to sketch the curve. (BfEA L)
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Example 4 (page 319). Sketch the curve y =

CosS T

24sinz’
Solution.

A. The domain is .

B. The z-intercepts are and y-intercept is

C. Symmetry: f is neither even nor odd. Since f(x + 27) = f(z) for all z, f
is and has period _ . Thus, the following steps we only consider
0 <z < 27 and then extend the curve by translation.

D. Asymptotes: None.

E. Direct computation gives

y' =

Thus f'(x) > 0 when . So fis
increasing on and decreasing on

F. From part E and First Derivative Test, we see that the local minimum value
is and local maximum value is

G. Direct computation gives

f(@) =

Since f”(x) > 0 if , [ is concave upward on and concave
downward on . The inflection point is

H. Using this information to sketch the curve.
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Example 5 (page 319). Sketch the curve y = In(4 — z?).

Solution.
A. The domain is
B. The y-intercept is f(0) = In4. To find the z-intercept, we set In(4 — z?) = 0,
so we have . Therefore the x-intercepts are
C. Since f(—z) = f(x), f is and the curve is symmetric about the
D. Since
lim In(4 —2?%) = : lim In(4 — 2%) = :
r——2F - T2~ -
the lines are vertical asymptotes.
E. Direct computation gives
/
y =
Since f’(x) > 0 when and f’(x) < 0 when , [ is increas-
ing on and decreasing on
F. The only critical number is . Since f’ changes from positive to negative
at 0, f(0) =1n4 is a by the First Derivative
Test.
G. Direct computation gives
f(x) =
Since f”(x) < 0 for all z, the curve is on and has
no inflection point.
H. Using this information to sketch the curve.
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Example 6 (page 320). Sketch the curve y = 7.
Solution.

A. The domain is .

. The z- and y-intercept are both _.

B
C. Since , the function fis .
D

. Since 22 + 1 is never 0, there is no vertical asymptote. Since f(x) — oo as
r — oo and f(z) = —o0 as x — —o0, there is no horizontal asymptote. Long

division gives

x
x
f(x)—:)s——$2+1 B
So the line is a
E. Direct computation gives
/
y =
Since f’'(z) > 0 when , f is increasing on

F. Although f’(0) = 0, f’ does not change sign at 0, so there is

or

G. Direct computation gives

7(w) =

Since f”(x) = 0 when , we set up the following chart.

The points of inflection are

H. Using this information to sketch the curve.
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