2.5 Continuity (page 114)

Definition 1 (continuous at a point, page 114). A function f(z) is continuous at
r=a (£ v =a BEE) if
lim f(z) = f(a).

r—a

We say that f(x) is discontinuous at © = a (or f(z) has a discontinuity at r = a)
(. z = a BANEME) if f(x) is not continuous at a.

Y

Figure 1: f(x) is continuous at x = a.
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r—a

There are three types of discontinuity:

(1) removable discontinuity (AISAEAEEL): We can “redefine” the value of the

function f(z) at © = a such that f(z) is continuous at z = a.
(2) infinite discontinuity (FEFRAEEEL).
(3) jump discontinuity (BREEAEEEL).

) Y Y
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Figure 2: Three types of discontinuity.
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Definition 2 (continuous from the right (or left) (FHEMEI5EHE), page 116).

(a) A function f(z) is continuous from the right at x = a if lim f(z) = f(a).

z—at

(b) A function f(x) is continuous from the left at x = a if lim f(z) = f(a).

Tr—a~
Figure 3: f(x) is continuous (a) from the right; (b) from the left; (c) at endpoints.

Example 3. Discuss the continuity of the following functions:

2 —x—2 Tord i g £ 2 2122 if g A2
— , — T— , h — T—2 )
o) =—"=3 9(@) {1 if o =2, (@) 3 if =2

Solution.

Example 4 ([F2#E5 8 @B 0] E—HEEBIF). The Riemann function is defined by

flz) = { % if =%, (p,q) = 1is rational

0 if zis 1rrat10nal

Then the Riemann function is continuous at irrational numbers.

Definition 5 (continuous on an interval, page 117). A function f(z) is continuous
on an interval (TEMEMH] _3#4F) if it is continuous at every point in the interval. If f(z)
is defined only on one side of an endpoint of the interval, we understand continuous

at the endpoint to mean continuous from the right or continuous from the left.
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Theorem 6 (properties of continuous functions, page 117). If f(z) and g(x) are
continuous at x = a, and c is a constant, then the following functions are also

continuous r = a:
(1) (f £9)(@) = f(x) + g(x)
(2) cf(x), cg(w)
(3) f(x)g(x)
(4) £8 if g(a) # 0.

Proof of (1). Since f(z) and g(x) are continuous at x = a, we have

Therefore

[ S S M AR S B i B (R B B 5 R ).

Theorem 7 (page 120). The following type of functions are continuous at every
number in their domains:
polynomials rational functions root functions
trigonometric functions inverse trigonometric functions exponential functions

logarithmic functions

Theorem 8 (page 120). If f is continuous at b and lim g(x) = b, then lim f(g(x)) =

f(b). In other words, a s—a

lim f(g(x)) = f(lim g(z)) = f(b).

rT—ra r—a

Example 9. Evaluate lim sin™* (1_\/5)

z—1 -z

Solution.
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Theorem 10 (page 121). If g is continuous at a and f is continuous at g(a), then

the composition function f o g given by (f o g)(x) = f(g(x)) is continuous at a.

Proof. The function g(z) is continuous at z = a implies

[ SRS & B B E .,
Theorem 11 (The Intermediate Value Theorem, HE{EEH, page 122). Suppose

that f(z) is continuous on the closed interval [a,b] and let N be any number between
f(a) and f(b), where f(a) # f(b). Then there exists a number c in (a,b) such that

f(e) = N.

| :E
Figure 4: The Intermediate Value Theorem.

[ “f(z) is continuous” BB,
[] “closed” interval [a, b] LB,
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Applications of Intermediate Value Theorem

[ #piR e

L) BRI

[ PR (2 i 7 H A B —
O] en&Eke

Example 12. Suppose f is a continuous function on [a,b] and a < f(z) < b for all
x € [a,b]. Show that there exists ¢ € [a, b] such that f(c) = c.

Solution.
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