2.4 The Precise Definition of a Limit (page 104)

Definition 1 (e-6 language, page 106). Let f be a function defined on some open
interval that contains the number a, except possibly at a itself. Then we say that

the limit of f(x) as x approaches a is L, and we write
lim f(z) =L
Tr—a

if for every number € > 0 there is a number § > 0 such that

if 0<|r—a|l<d then |f(x)—L|<e.

Y

Figure 1: Limit of f(x) as = approaches a is L.
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Example 2. Prove that il_}II%(Qx +3) =5.

Solution.

e Observation: We calculate |(2z + 3) — 5| = |2z — 2| = 2|z — 1|. We want to
find 4 > 0 such that
if 0<|z—1]<d, then 2z—1]<e.
That is, if 0<|z—1] <4, then |z—1|< %
This suggests that we can choose § = 5. (or smaller)

e Proof:
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Example 3. Prove that EE}), 2?2 =9.
Solution.
e Observation: We calculate |22 —9| = |z + 3|z — 3| < e. We want to find § > 0
such that
if 0<|r—3|<0d, then |z+3|lz—3|<e.

Notice that if we can find a positive constant M such that |z + 3| < M, then
| + 3||lx — 3] < M|z — 3|, and then we can make M|z — 3| < & by taking
lv — 3| < 47 = 9.

Since we are interested only in values of = that close to 3, it is reasonable to
assume |z — 3| < 1, then |z 4+ 3| < 7, so M = 7 is a choice.

e Proof:
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Example 4. Prove the Limit Sum Law: Suppose that the limits lim f(z) and
Tr—a

lim g(z) exist. Then lim(f(z) 4+ g(x)) = lim f(x) + lim g(x).

T—a T—a z—a z—a

Proof. For all € > 0, since

Question 5. How do we show that the limit li_I>n f(z) does not exist?

Solution. FWRMBRAFEENEF —BRKFEE: REBREFEE, iR il_rg flx)=1L, %
BREFZH MEAH] L € R EGEEFE. BEEXRTETER? HERER, LHHEEH
“there exists € > 0, for all 6 > 0, there exists 0 < |2/ —a| < s.t. |f(2') — L| > €%
Solution 2. REMREFEIELME—, Fr IR H 3R HRERERE TMEEE ], HkR
EAR, AR EEIR AN A,
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Example 6. The Dirichlet function is defined by

0 if z is rational
f(z) = L
1 if x is irrational.
Prove that lim f(z) does not exist for every a € R.

r—a

Solution. Suppose lim f(x) = L. Notice that both rational numbers and irrational
T—a

numbers are dense in real numbers.

If L > 1,

If L <3,

[] = E#E=H Dirichlet EERIER .
Example 7 (256 @88 —HEEFF). The Riemann function is defined by

f(z) = { ; z=2/(p,q)=1Iisrational

0 if z is irrational.

Then the limit of f(x) exists as z approaches to any irrational number.
Definition 8 (Definition of left-hand limit, page 109).

lim f(x)=1L

T—a—
if for every number € > 0 there is a number § > 0 such that

if a—0<xz<a then |f(x)—L|<e.

Definition 9 (Definition of right-hand limit, page 109).

lim f(x)=1L

z—at

if for every number € > 0 there is a number § > 0 such that

if a<z<a+d then |f(zx)—L|<e.
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Definition 10 (page 112). Let f be a function defined on some open interval that

contains the number a, except possibly at a itself. Then
lim f(z) = o0
Tr—a
means that for every number M there is a number 6 > 0 such that

if 0<|r—a|l<d then f(zx)> M.
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Example 11. Prove that lirré # = 0.
T—
Solution.

e Observation: Let M be a given positive number. We want to find a number
§ > 0 such that if 0 < |z| < d, then & > M. Notice that

xT

1 , 1
E>M©x <M<:>|a:|<

=B

1

This suggests us to choose § = (or smaller).

=

e Proof:

Definition 12 (page 112). Let f be a function defined on some open interval that

contains the number a, except possibly at a itself. Then
lim f(x) = —o0
Tr—a

means that for every number N there is a number § > 0 such that

if 0<|r—a|l<d then f(x)<N.
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