@)

REM T HER

E-EEABRENIER, BT 01 SUERREEANSR T REEEARERN LERAOE D5
%, TR BT BB OB LA MR R R A MRS 5 T
T, HIE BRI BRI TR, R, RO R E], HSHEERAY om0 ke
BREET IR TRHRERS, RENEARRTRAS A BRIES SRl — L HE, T
5 B TR B (7 O T A RT3 T 0 S U 4 A5 0 B A T B L s
. HERREBHANBEYE, BREET—NABZRENNHRELLEY, ERASEEY
ERA BRI, RIFERE ER IR, SR B B TR AR G R
SRR, THBLTE 6.1 1@/ AR B R R BB R ORI

BT 6.2 HIREAH I G R L a0E REMERA L SHEAOL. KBYEN FESEA
W, B S A RIS FAMIES, AR AR R B RIS R G 5 518 5 SR 1 1
ABERI L BIRORIS. SENERE RS BERE & BN QESIMNE, BRIy
WEINE— B R AT REER FRERE TR BRSNS E, DUFEET 6.3 @S
BB R M TSR O S A B MR ERE TR, EIMENG, R @B — L BRI
AT TR, H FREER RSN, 5 BN IR RN, G — TR IEEA
HIERBEI SR, WAL, BT 6.3 SR LR TR, FIN: EHS B BRI T
Ve BES TR B T RS R AR TR RS 2 — g A A,

EREIT 6.4 HEHREBHRBTH HATE, RS R E0 R SEE RO,
BRI E ) AR R R RS TR R T S8R, HEEREYE, e
S FIRSREE 20 9 RO A LR MRS B P B BRSNS S, HETL
EREEAELS S EM. ERUES LA ERRERS BE SRR AR MU O 2 R &
Wil THEEETRMEGHE RS B BERER. HERA AR RRA B IYEERE, B
EoMEERRET TS B BRI B,

RIS SRS T R (R B, 5L TR R AR B A, TR SR T, ARARAY, 17
B RS EARRE L. MBI RR I B E BB AT MR R, BT 6.5 MLl
SIS P AL E R RE R, BRI R RS R R T R — EEARR R,
BRI L S E A B SR R A MM R, S, AW ATERE
ST D, BT 5 Hho RO,
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172 6.1 TEES

6.1 TES

& 1. EEHER [0, 0] DEEENEE f: [a,b] — R, BETLUTHIE:

(1) £ [a,b] EFER n+ 1 @B, TR/ P:a=a20 <21 < -+ < Tp_y <z = b, HIE
P ZI&fE [a,b] B—1E %% (partition), HL ¢ = 1,2,...,n, i€ Az; = x; — x;—1 UK

1Pl = max |Aw| ZREBITRALE.
=1, n

.....

(2) FEEE/NER (2,1, 2,0 =1,2,...,n EHEE-E &, BB x4 (sample point),

3

(3) E# #% A (Riemann sum): R(f,&, P) = Y f(&)Awio

@
Il
—_

EH—EW AR, BEE ¢ > 0, FLE § > 0, HEY [o,b) B LAOEESE P WE |P| < o 8
BB ¢ € (21, 2], BE

’R(f7§7p)_A’: <g,

Y fe)Ar - A
=1

EREERE f(x) 7E [a,b] B2 B2 T4 (Riemann integrable), B 4449 (integrable),
MEH A BBEE f(x) 7E [a,b] L8 £42 (definite integral), FfT& AR

= b "
A2 [ f@yde = tim 3 f(6)A

I1P[l=0 =
FR I
SEREEHRIAERS [1 f(2) do BEEHE FE:
(A) fl(o) BBE #AHHH (integrand),
(B) [ T8%5 42 F3% (sign of integration)s
(C) o BEREFSH TIR (lower limit),
(D) b FBBEMESH LR (upper limit)o
LA SR GER B A T R A 45 0 S B B e BT P R TR SR SRR R AT RS
#l 2. K5 c € R, B f(x) = c 7F [a,b] ERARHMW.

FU:AMRE e >0, WI=b—a >0, BEMTE [a,0] LRAEI Pra=20<11 < - <Tp1 <
Ip = b ﬁﬁﬁg H})H < 6 g@fﬁﬁ%ﬂ%ﬁﬁ%jgﬁﬁ éi S [xiflaa%]ai = 152," "717;§B%§

n

Z cAz; —c(b—a)

i=1

[R(f,&, P) —c(b—a)| =

> (&) Az —c(b—a)

i=1

=le(b—a)—cb—a)=0<c¢,

Wit f(z) = ¢ BAETH. O
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3. B f(x) =22 1 [a,b],a > 0 LRWESH.

FR: M [o,b] EREA—EZE P:0<a=20 <21 < - <xp1 <z, = b, KL
FT - RINERAR T 2 REN: FREAR

2 2
T+ xi%i—1 + ;4
51* :\/ ! 3 ! S [xiflyxi]a

fRtvDwoCVyE

il

R(f, 5*,P) _ Zf(&z*)A:cl _ Z Xy + -%'z-%'@?) 1 +$@71 . (xz o xi*l)
=1 =1
- 1 3 3 1 3 3
= Zg ((z:)® = (xi1)®) = 30" —a’),
=1

A= 1(0°—ad). UTHEN: EAEENRERN R(f,¢ P) # A ENZEERIZERER. HEH
H P FENHEWEARE & € (-1, 2], 5T E

|R(f,£,P)—A|:|R(f,£,P)—R(f,f*,P)|: 5@ sz Zf sz

< Dmsna | Am
=1

n

= ((&)? - (&)?) A

i=1

<3 2P| Az = 26(6 — )P,
=1
jkﬂfE€>0 6= ( )>OEUJ&ﬂ£E§}H‘JP 0<a=z9< 21 < - <$n71<$n:biﬁ
2 HPH <08 EEi:T?J!SE[E gz [xl—laxl]a %Bﬁ

[R(.6,P) = Al < 2b(b — a) | P|| < 2b(b— ) - 75—

R f(z) = 2 7€ [a,b],a > 0 ERFEDH, O

B ] 3 HUFITRIE, ARREFTRIA RIS R faEREIR, Stk —HR R R AR R 8 i
EEDE—E, REEMEFTHEEARAECRENEEEERSENE. HRREEDMETRK
RENWBR, Eketsis T EEE S IR 5

BRI OUT R ERE: (A) HREMALE THES, T EHLMEEEER T E, MESH
CEE, ARG ERORIER, EERIE AT S, W EERE? FEERE, £
BEZVMZBIEREBGE R BRI BRI 1%, 57T ZML @A REER, Frblcifi—E%E
BIEHA — FAERE — DERHE MRS, 25T GlEs (R EREFLNER. (B) EfH
Bl Rl A ERS: BFTR] DU E — AR H R S NS ER M E— R4, IREMER i
AEREERANE? BRER EEMOERDAELERSNER | EHERFTEA M ERBISR R
TG BE—SHRE: REEMHETERARIRA LIS eI (G IR — AR AT
WS MER2ME? FMSEREME, RFEIET 6.4 FreBRE.
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HEEMEGIEER —FE W LUERH: BHERRIE o > 0 V8?7 BB T aERRERIE —MRIY [a, 0] 17
E AN ERER: RATER DGR —REE RN, RREE R R W e RRE— L,
JTE, A A R R SRR, ARERT R A R R E R B KPR, SR 0 EIR AT/ N
[Tio1, @] & w1 < 0,2 > 0 BIRHE, AE & € [z, z;] EHFME/NOERE. GERK, E@EM
BRAEZAKIFFEGERINER, LN EELED RS R wr R R T,

LI B —{E A AT 2 B BT

%] 4. FEAKSIFHEHE (Dirichlet function)

cHHLT175bnjs

1 & 2BEE
D(x) =
0 # v =EHEY
£ [a,b] ERAAIESH (not integrable)o
#: WRTE (a0 FREEBEMEFEAEMENE, MUHEESIE Pra=2) <21 < -+ <
Tpo1 < xp = b, HEFEER [z, 1, z;] PEEREERESEARE, B & € QN [zi_1, 2], R
R(D,&*, P) ZD@ VAz; = 21 i—xi_1) = (b—a) > 0;
FH—TH, HEFEER [z, 2] PEERERBREARL, B ¢ (R—Q) N [z-1, 2], A
R(D,&*,P)=> D(§*)Ax; = Zo —z 1) =0,
=1
FERR AR EASE P EETLNE-ERENRE (b— ) UKS—ERENZE 0, HIIL
FHHBIE [a,0] LR, 5 A= [° D(z)dz.
(A) B A>0 Wegg =152 >0, BEE 0 > 0, WHE P WE ||P| < 0 KA ¢, Al

b_
IR(D, &, P)— Al = [0— A = |- Al = A > 2

= €0,

(B) # A < b=t B e = b5 > 0, B 6 > 0, BEME P WE |P|| < 6 LUREAS ¢+, Al

b— b—
yR(D,g*,P)—Ay:\b_a—A\:b—a—A>b—a—( 2a> =1t =,

(C) & (A) B (B) HUERAEN: FEEEH A WEFRIELR, BRKRER D(x) &
la,b] FRRARGMA,

O

B #l 4, BRTHEAFE—-LATRESNEE S, B UEE—DAE: —EERKEr—E
A, R T EEEEWENBRAEIH, AKEBLE .
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I 5. HHH f(x)  [a,b] ERAIEDH, A f(z) % [a,b] ERBAFEE

F: R f(x) 7 [a,b]) ERIERESE A QI e =1 >0, BE > 0, FEHEESE P a =
To < x1 <0 < Tpoy < Ty =0 WE ||P| < 6 BEBWEAELE & € [vim,x], BB

DYXqVLqXMxM

<1,

Y f(é)Ar - A
i=1

H B Ie e B — AR 2 ARy fhET K

+ Al <1+]|A4 (1)

= <

> flé)Azi— A+ A

i=1

> f&)A
=1

Y fe)Az - A
=1

EEY f(2) 7 [o,b] FREFOEY, WEE j € {1,2,... 0} BEEY f(x) EEE [z 1,2,]
AT LA i £ j, BEEIEN € € (v, 2., DEE—EEAS & € [1;_1,2;) (S

;}f(&‘)mi + 1+ 4]
* 7]
IF(E)] > A, :
B b EEER R AR BTS2 R B ATE
S FENAT| = |f(E) Az + > FE)AT;| > || £(E) Az — | D F(&) Az
i=1 i#j i#j
= [F(E)Az;| — D F(E) AT > 1+ A,
i#]
EM (1) B EXFE. B f(x) 7 [a,b] LRBFERE O

EEETERERNR: HEEAEE EEEENBMES (improper integral) RIRTFRIER —K, EEM
PR KB FAERE _EEEOREE. BESRA— AR, RMEEEEINER
WM iEERE BT GHEERED.

ETRE M EE RIS

T3 6 (EFSHRENE). BHHE f(v) 8 g(z) 1 [a,b] FEZAESH, HIEEM ¢, € R,
KB c1f(z) + cog(x) 7E [a,b] EHRAIESH, HH

FNj_7NL48UI

/ab(qf(x) + c29(2)) dz = 1 /abf(m) dz + c2 /ab g(z) dz

Y W f(z) 7 [a,b] FRAESH, FIAEERE Ay, BHEE ¢ > 0, B1E 01 > 0 AT
RIZE [a,0] BRI EIIRE Pia =20 <21 <o < @y < op = bW |[P| < 6 SHERHER
& € (i1, zi, BE

n

> (&) Ar — Af

=1

‘R(f,f,P)—Af’: <g,
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FE g(z) % [0,b] LRTHEAM, FGEERR A, HEE ¢ > 0, H#E 6, > 0 FEMIAE
[, 0] BRILAIDE P o =20 < 21 < - < 2ny < an = b WE |[P|| < 6, EEREAL
& € i), B4

n

Zg(&)A% — Ay

i=1
KTE c1,c0 € R, BHEE € > 0, B 6 = min(dy, 62) > 0, BI¥ [a, b] W LRERSE P:a =2 <
21 < < Tpog < T =b W |IP| <& BEREERARE ¢ € [Ti_1, 2], #E

|R(ga£ap)_Ag|: < &

[R(c1f + c29,&, P) — (c1Af + c24y)|
= [a1R(f,&, P) + caR(g,§, P) — (c1Af + c24y)|
= |a(R(f,&, P) = Af) + c2(R(g,§, P) — Ag)|
< lal|R(f,& P) = Af| + |e2| [R(g, €, P) — Ag| < ([ea] + [e2]) e,

It ¢y f(z) + cog() 7E [a,b] LHWERESH, W H

b b b
/(clf(x)—i—cQg(x))dx:cl/ f(m)dx—i—cz/ g(x) dz,
U

AHLERBFESHLEMEEHE, MIRERN: BRI RENEDHEEHE P — @it

& (linear functional),

E% T T (ERASRFME). BERE f(x) 8 g(z) T [a,b] LERAESH, MAHFAE « € [a,0] &
5 e < AlJ
EFELE f(z) <g(z), A

b6qPe6XsIEQ b b
/f(w)dxg/ g(x) dz.

80

(A) BB & h(z) > 0 BIE [o,0] LARESHEE, A [0 h(z)de > 0, HBE [a,b] L#
B h(z) >0, AIMEENSE Pa=20 <21 < - < Tp_y < xp, = b EHEERERAE
& € [wim1, 2] #H

n

Zh(&)AZ’Z Z 0,

=1
EA=[Ph(z)de <0, B e=—4 >0, AIFE§ >0 BEEBEEIE P:a=uy <2 <
< Tpe1 < Tp=b WE HPH < & BEEERGAE & € [%71,56@'], #E

z": h(&)Az; — A
i=1

A & A
<-5= ;h(@)mi <5 <0

FIE, Bl A = ffh(a:)d:c > 0,
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(B) BRAESHE f(x) & g(x), F f(z) < g(z), ¥ h(z) = g(z) - f(z) >0, B ZHZ 6 Al
h(z) 1 [a,b] LRAIESHEKE, A

/ab h(z)dz = /ab(g(ﬂ:) — f(z))de = /abg(:c) dz — /abf(:c) dz >0,

Rt [ g(z)da > [} f(z)dw

6.2 ZREWHERITCERMS

Ri—Eia A R RN FREREBAIESNER, WEIEEFHEE FRRE f (o) MEZER] %
B, QIS f(x) —ERARKE, #1E2, U —AEZENRVEEANS BN, HERS EibieE
—ENELE. PR TR R, BT ERBIEE F s, R EEEMEEED REFEE, E—HIT EoMrmixc
i A SR _ERYE KB R R & v R 4B A E RO

e f(z) 1E [a,b] FEF, BIEE m, M € R EREAE 2 € [a,b] #E m < f(z) < M. #
E—EDE P:a=29g <11 < - <xp_1 <p =b, 5C M; B m; FRIFRTREREM [z, 1, 7] E
HE f(z) B LEHER (supremum) ETHER (infimum); HWHELER,

M; = sup{f(z)|z € [zi—1, 7]}, m; =inf{f(z)|z € [ri1, 2]}, HF i=1,2,... n

HEHSME (completeness of real number system) &l: $FTE i = 1,2,...,n, M;,m; € R,
WEEHE f(x) 7E [a,b] LEPRSE P WEEE:

e A Efe (upper Darboux sum): S(P) = > M;Axz;o
=1

o A T4 (lower Darboux sum): S(P) = 5" m;Awx;o
i=1

ERIEA ENEZA TS BREE M, 8 m; 8 Az, HFRERH, HNE_EREFETRERAT—E
BEHER—RRIIUE, FINEMT RS —EREN,; HE#m ERE=ER TRt T— TI”“J‘BA%Q
FIERAIE B (k5T

B158 1. % f(2) T [a,b] FER, HR—EAE P FEB2REM R(L,LP) =S f(6)An 54

i=1
m(b—a) < S(P) < R(f,&,P) < S(P) < M(b—a).

B9 ERBETEA ¢ € [vi_1, 2] BF m <my; < (&) < M; < M, il
1=1 i=1 1=1 i=1 i=1

BEI m(b—a) <S(P) < R(f,&P)<S(P)<M(b—a)e O




c_ZruLakatE

178 6.2 HRENENTEEM

LUT BB & AsEAn B AELEAR TR B —E R T
519 2. & f(z) 1 [a,b] PES, $R—E5E P, HEM LM S(P) EERTH S(P) SHIES
St MEEARIR -

S(P) = Sup R(f,&, P) == sup { > f&)A

i=1

fz‘ S [wi_l,xi],i =1,2,... ,n}

gi € [,Il',l,ﬂ?i],i: 152,"'5n}°

TEE ISR, HALELEBGEEKTNER. LUEN LR, HEFSE P 2k, Emk
M S(P) RATEEFE/NER LA BIER LR, AR LHEREIR. TfﬁsupR(f,& p) Az

TG R EEREN, BYAENRENEEH A, JZIEWITITE’JTE% , T 3132 2 2
FAEAE W (R 2 FE R Y B B

FU: i 5132 1 ALE S(P) BERSE P FSREMN R(f,¢, P) B—E LS. LUTAER: T
Ee>0,S(P)—ec TNHEE R(f,& P) LR BB M; = sup{f(z)|z € [x;_1, z]}, H_EHERIE
EEH: BEE >0, 8AE i =1,2,... ,n, B & € [, 2] BE (&) > M; — 5=, Ftlh

R(f.€°,P) Zfsz Awi( Z )sz
:;MiAmi—bia;Axizg(P)—so

ESiia

S(P) = Sup R(f,&, P) = sup { > fE)A

& € [wi_l,xi],i = 1,2,...,n}o

EREMA TG RTZEON. & 7132 1 458 S(P) BHRAE P FBREM R(f,.(,P) W
—ETR, UTHEH: $EE e > 0, S(P)+c THE R(f, &, P) TR BB m; = inf{f(z)|z €
[i1,2;]}, HTHEFNERGH: B#EE >0, 8B i = 1,2,... ,n, BE &* € 121, 1) HH
F(E7) <m; + 5=, At

R(,€", P) ngf* sz<2<ml £ )A:c@
= ZmZA.%'Z +
=1

 =S8(P)+e

ESiia

S(P) = inf R(f,¢,P) = inf { S F(&) Ay
=1

& € [Cﬂifl,xi],’i: 1,2,...,71}0
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3132 2 BAER IR L RIEEA TRERE— & P THREARENAR G, UTE EERE
BENRETRNDEZ T M _ LA T HIZ B fR: At

cBPH41E2v_8

5132 3. & f(z) 1 [a,b] EBR, F&E [a, 0] BI—E2E] P, BHEDE P EFEEM L EHE2E
R E P, Hep ke N, AIEMry=sm EREEAA TR TRtk

S(P) < S(Py) < S(Py) < S(P);
FE—FHE, BB

S(P) - k(M —m)||P|| < S(P) < S(P),
S(P) < S(Py) < S(P) + k(M —m)|[P|l
FY: RE =10 HEFE Pra=x0<z1 < <xp_1 <z =0b, R y BG5S

IR, AIFAE j € {1,2,...,n} BEfF y € (vj-1,25)0 50 Mj = sup f(x) B M} = sup f(z), I
[xjflvy] [yvxj}

m < Mj < My <M
m < M < Mj < M.

tt@ﬁ%ﬂ P %D Pl, I}/%TEFEﬁ [Cﬂjfl,xj] Z%%ﬁ’_‘ﬁ%, ﬁﬁ [xjfl,u’ﬂj] 53\56‘ [xjfl,y] @] [y,xj], ﬂ:[:fl@i%
i BRI E RS A

S(P) = S(P) = Mj(xj —xj1) — Mj(y — 1) — M} (zj — y)
= Mj(zj —y) + Mj(y —xj1) — Mj(y — ;1) — M} (z; — )

= (Mj — M} )(xj —y) + (M; — M})(y — xj-1) > 0o

S(P) = S(Py) = (M; — M)(x; —y) + (M; — Mj)(y — x-1)
< (M —m)(zj —y) + (M =m)(y —zj1) = (M —m)Az; < (M —m)||P[],

Rt S(P) — (M —m)||P|| < S(P1)o

B ke Nk > 1, Bl P, ATVBEREHSE P BAtG, —KEM—ESEI%, € k K&,
WEtRHR, BRERHE PP, P,,..., P, Bl S(B,) < --- < S(P) < S(P) < S(P), itH
|Py]] <--- < ||Po|| < [|P1| < [Pl RS
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gz A
S(P) = k(M —m)| Pl < S(P) — (M —m) (| Pl + [|1P]| + - [ P [l) < S(P)e

AR AR B R, 5F k=1 BEN. MERE P:a=29 <z < - <Tp_1 <
zn, = b, % y IR ERE, A j € {1,2,... ,n} ER y € (zj-1,25). BB m) = : inf }f(:v)
Ti—1:Y
Homl = inf}f(a:), ]

Y,

mgijmQSM

mgmjgmgSM,

HEE PRI P B TIER (21, 5] ZOME—, T [2j_1, ;] 58 [2;-1, 9] U [y, 2], BIHAE
7 TR E 8.

S(P1) — S(P) = mj(y — xj—1) +mj(xj —y) —mj(z; — 1)

=mj(y — xj-1) +mj(x; —y) —mj(z; —y) —m;(y — zj-1)

= (mfj —my)(z; —y) + (mj —m;)(y — zj-1) = 0

H—JiH,

S(Py) = S(P) = (mj —my)(x; —y) + (mf —m;)(y — z-1)

<M —m)(z; —y) + (M —m)(y —xj—1) = (M —m)Az; < (M —m)| P,
Wt S(Py) < S(P)+ (M —m)[|P|.
B ke Nk > 1, Bl P, TMBEREHRSE P G, —J38m—E5E12, 8 & Kifis
HEtRH, BRERSE PP, P,,..., P, Bl S(P) < S(P) < S(P) < --- < S(P), #H
[Pe|| < -+ < || P2 < [P < || P)| RS

S(P) <

S (P) + (M —m)||P|
S(P) <

(P1) + (M —m) ||

S(Br) < 8(Pr—1) + (M —m)|[Pel,
Iz R AE
S(Py) < S(P)+ (M —m) (|P[[ + [Pl + - - [[Peal]) < S(P) + k(M —m)[|Plls
O

EHEEENR: BRESEZEE SRR, MERER LA TR — S8R S
HUZAR_ERVINGS R OB BEA R = _ B, TTEMRGER TR G 2EBE S A TARRE
25 BB A HIZEAR T,
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HAEBERBUL & T A _ERIELZAR T AR B fRo

713 4. # f(2) 1 [a,b] LER, HEERSE P # P" &E S(P') < S(P").

nPiRcJN—IéQ
FH: B P P RS EIEE G 2 BB N EIRIR R HES IR BRI o, 0] EEFHFRSE P,
M 5132 3 "5

S(P') < 8(P) < S(P) < S(P"),

FEE [a, 0] ERVEFEE f(x), BZRATRHER:

_Oay6u9qLLA

o HE f(x) 1E [a,b] RREIHY LARS- (upper integral): L = i%f{g(P)}o
KEf

54|

(x) 1E [a,b] EEEHY T4% (lower integral): [ = sup{S(P)}.
P

HWE m(b—a) <S(P)<S(P)<Mb—a) Fx {S(P)} & {S(P)} BR, NHESHBIELE
&, FTLARES R E (Supremum Principle) 41 L, 1 € R,
UTEHERHRARE f(x) 7 [a, 0] EEN RS ETES B BIIRRE,

R 5. BRTE f(2) % [o.b] LRIERS L TS | TARAMEA MO EONEROPA:  EaE

E inf{s — lim S moE _ OpfL: 23
L = mf{S(P)} ﬁgﬁ@)ﬂ lsy@(ﬂ ﬁgﬁ() comvgea
F: LB EESHEN. HEEE >0, HE L 2 {§( )} FITHES, Bl L+ 5 T2 {S(P)}
BTR, FIAEE—ENE P =a=a) <o) <ah< - <a,=bEL< s<pf) <L+g B
0<SP)-L<5
Hit e >0, FE 0 = stE—nar—y > 0 ATHRER: HEE—[ESE P, RE |P| <4, Al

S(P) < L + e, 5F—2K, 135 |S(P) — M<aﬁﬁﬁ‘L:@ﬂS(ﬂ-ﬁP0ﬂ )o

FEDE PR ([Pl <o, BHi§ P M P By BRI M5 23 EE /N BRI PE R S 21 3
1 [a, b] WD E] P7, R P RIS EIREEBLE DB P RRE T ko EDEEL, Hrp ko <E-1,
|

S(P) — ko(M — m)||P|| < S(P") < S(P),

L < S(P) < S(P") + ko(M —m)|| P

<3
< S(P') 4 ko(M —m) -

g g g
<L - _:L o
2 )(M—m) Tty =hTe

HETESNER. GEEE c >0, A | 2 {S(P)} WERHER, Bl [ — 5 THEE {S(P)} ¥
B FUEE—ESE P =a=a) <2} <ah <--- <z} =bHEF l— S <SP <, B
—£ < S(P)—1<0,
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i e >0, FE § = sEnar—y > O LI SEE—ELE P, RE ||P|| <4, Al
—e < S(P)—1<0, EFE—K, HF |S(P) -] <eAlFER = Sl;p{ﬁ( )} = IIIIDII]I[HOS( )o

BESE P WE |P|| <6, Bl P P #5EIBEEH MR 5 BB B/ N B RIK P HED |52 15 2
12 a, b] EEFEETHISE] P, B P B EIBES LB P ARERS T ko ME5 B, H ky < k-1,
1l

S(P) < S(P") < S(P) + ko(M — m)||P],

[\)
—
=N
~—
Em
3
N~—
[\)
N ™

B EA EMIEGEA T R ERSEE TRANT AR mE, REEEHRHRE HENE—
TR

X 6 (REVENE-RERME). FXE f(v) £ [o,b] EER, B f(z) € [a,b] ARSI
S ILERR

IIIIDiITgO S(P) = IIIIJiITgoﬁ(P)’ kRS ir}gf{S(P)} = sgp{ﬁ(P)} B2 L=1I
w9 (=) BB f(z) 7 [o,b] LRARSH, 5 A= [0 f(o)de BEERS, BEE > 0, 7
5> 0 HEBEHEEAE Pra=10 <a1 < - < ayy <@, = b WE |P| < § BIEEEAY
& € [rim1, xg), BA

n

> f(G)Az — A

i=1

3

‘R(f,f,P)—A‘: 57

<

W& S(P) = sup{R(f,&, P)}, FibMETE ¢ 1% S(P) — § < R(f.¢, P), Atld
3

CQI

|S(P) - Al = |S(
<|[S(

W S(P) = irgf{R(f,g,P)}, FTLREE ¢ 18 R(f,¢",P) < S(P)+ 5, FrlX

(P) — R(f,¢,P)+ R(f,¢,P)— A|

€ €
(P) = R(f.&, P)[ + |R(£,¢,P) = A[ < 5+ 5 ==,

CQI

Al = |S(P) = R(f,£", P) + R(f,§", P) - A|
< |S(P) = R(£.", P)| + |R(f.€", P) = A] < S + = ==,

Hit lim S(P)= lim S

1Pl —0 [Pl—0"

—~

P) = A,
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(<) H S(P) & S(P) WEH: BEESE I Pa=20<21 < - <Tp_1 <z, = b UREERE
REL & € [y, m), BE

S(P) < R(f,&,P) < S(P),

WE lim S(P)= lim S(P), Fibk

1P]—0 1P]—0

lim S(P)= lim R(f,¢(P)= lim S
IlPl—0 ) IlP]—0 (:6.F) l1Pl—0 S(P).

BEIKH f(x) 1 [a,b] LRAESH. O
B T3 6, KB f(x) 7F [a,b] LRAWESHTE B G LIRS

Jim (8(P) - S(P) =0

twate#R, EARRERRTR:

HEE >0, FEI>O0HEBHEESEI P a=20<21 < <Tp 1 <Tp=0>
WE |P| <4, #F S(P) - S(P) < e

BRG] ISR A TR B wi = M; — my, B85 f(z) R [2,-1,2;] B k& (oscilla-

tion)s,

RE 7 (REENEFREGEN). EEE f(2) F [o,0) PER, B f(2) F [o,0] EURESHE E?
S ILERER s

C7005UNB1LO

lim w; Az; = 0o
||P||aoZ e

HirE AR T BRI ERREL, AR

HEE >0, FEI>O0FBHEESE Pra=20<11 < < Tp_1 <Tp=2>
WE [P <4, &BE > wilAzr; < &
i=1

FY: RBESEI Pra=29g<21 <+ < Xp_1 <2, =bXZT,

n n

S(P)—S(P) = Z(M m;)Ax; = Zw,sz = ||1131||m O(S(P) - S(P)) = ||Ilpi||mozwiAxi7
=1 - Vs
HRETHOE—FEEAA L 3 e, — 05— EHHL. 5

FEEEEEML S, HMLERERERE ||P|| < #2EIEE Z wildz; < e, HEEER

HEREERINEELRER LREEHEN, TREERSE P E’J{Ei‘lﬁ%@n%% wi BIR/NEEREH fh
ite EEEEEGFRMATIMLERY:, /2L TRE RS =B R




e4hI2s0VoMg

FubjH2_PA38

184 6.2 REAHEHNTERENE

T 8 (RENENE=RERMSE). BHH f(z) 1£ [a,b) LER, 8 f(z) 7 [a,b] LRIESHIF
BRI
SHERE ¢ > 0, FHEAE Pra—wo < a1 < < 2py < an—b B8 3 wid,; < e
=1
FH: (=) HEEAHESE - REGRRLER 2 BRBEREN N R HH —ER 5,
() HEE >0, RBFEEAEI Pra=20 <11 < < Tp_1 < = b HH > wAz; <e,
i=1
HI

0§L—l§§(P)—§(P):ZwiAxi<€,
i=1

Wt L =1, RRAREABNE—FTEREATA f(x) £ [0, b ERFEDIH. O

BT BB RS TR = A B RS TR A R B, BB
RRTTRE AR, T 35w AR, TR AR MR RS
3t -

B, BITREEE RS TROSN A B,

T 9 (RETIMABNAERRG). HHE f(x) F [o,b0]) BB, A f(z) £ [0, 0] ERTESHIT
DB

HEBEc>08H >0, FESEI Pa=29g <21 < - < xp_1 < T = b HFHEME
RIE wy > e MIEM [zp_y, 2] ZBEEE Y Az, <no

wk2€
B (o) BB f(2) 7 [0,0] FRAREAY, FUSHEE > 0 8 1 > 0, FEAE P a— ) <
=1

5 Z Axy = Z eAxy < Z wrAxy < zn:szxz < 7ne,

Wi >€ Wk >€ Wi >€E =1

Frll > Az <o

Wi 26

(<) RBHEIE [a,b) EBER, FiIEE m, M € R #HEBATE v € [a,b] FHE m < f(z) < M, i
M = max(|m|, | M|), AIEFE x € [a,b] &F |f(z)] < M,

BEZ > 082> 0, ABTEHESE Pra=20 <1 < < Tn1 < zn = b FEIHE
R w, > c WEREAZHBEE > Az <e, BR

Wk 25

Xn:wiAazi = Z wr Az, + Z wrAzy < Z eAxy + Z 2M Axzy, < ((b—a) +2M)e,
i=1

wE <€ wkzs wE <& wkZE

FrlA f(x) 7E [a,b] ERFIESTH. O

ERREARNEMNAEREOERS 6, S LER: HERF LV EROBARAN, REFE
BZLEREARROER, EREFNEETEERKAA,
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6.3 FIESHKBERS EATE

Ni—BITT/E T A FEAE R ERA SR ER R & rI R EFERGE, BffTa] A fE LS EMLEE
BIFF % A E S BB T

I 1. EEH f(x) F [a,b] LEE, B f(z) £ [0, 0] LRRETHEH,

Ke_Ca6guliNE

9. KEBHE f(v) 7E [a,b] BEE, BT f(z) 1E [a, 0] ERFEEER (uniformly continuous);
BISHER € > 0, F1E 0 > 0 BEREHATE 2,2 € [a, 0] Wi H |2/ 2| < S &E | f(2)—f(2")] < 5550

HEESE Pa=20<z1 < <xp_1 <z =bWE |P|| <0, HBREEE (Extreme
Value Theorem) B41: ¥fE i = 1,2,...,n, WBESE/NEM [v,_1, 2] EFEERKE M; =
max f( ) = f(«}) BH/IME m; = [mr{lir;] f(x) = f(a), At w; = My—m; = f(z})— f(z]) <

[l“ —1,
b—a’ Fﬁj’/{

ZwZAm,—ZM mzAxl<Zb_ Am,_bia-(b—a):a,
=1

Fir LA SR PR A _E AR R B & P R O

BE LAY, BMAEE AR _EREE R ECE TR E A S E (e A E
i BAEE (B RAR T, BA FAER _EREER N S T — R AIEI I IEE,

R B AR M B R & AT P O BB BR AT, TFIEEETT 6.1 MBI KRB TR
FEAERM R ESH, FIUBREEERMANR: EREEs AR LB EE R R g, B
JUE ARG B 2 BT R AR G R R E WA TR E R ? DI e B HRBHER SR
fAl_E N EE R (EER R, RIEERERE M.

R 2. B f(0) 7 [0,0] L UEHREREEES, WRER, % f(0) E 0,0 LR E3EE
S BEEMERE (piecewise continuous function), Bl f(z) 7E [a,b] 2R S AEN, & !

vtlA_g-u2YA

F: B\ f(x) 1E [a,0] BB N EE—ENEER, 588 v, v, ., yn, HIEEE e > 08 > 0,
6 >0/ 6 < gko BE—MME |P|| <dHRE Pra=x9<a; <+ <ap_1 <y =b,
WRAEEEM v, =1,2,... N W& (21, 2] LB f(2) EE, FIUEE f(2) 76 [zio1, 24
FEEERE, WATEEER (2o, 2] BOEESEE/NYERN EHBIZIREE /NS o RER, #IE
DEVE v = 20 < 20 < 2o < o0 <z < 2y = v EEEENER (2,1, 2] BIRIE
wij = M;; —my; < &

HER [a,b] LESE P, B4R (7)) Bl 2,1 =0,1,2,...,n MR 2z, =1,2,... ,n—1,
1=1,2,...,j — 1 5B W, FETERERIE 0 > c WRHAEE, ABEKRIE o, >« W&
M%£% 2N {8, HEEHR

ZA@KZ%S%-QJ\/:n,

rI;k 26 a)k 28

FilA f(x) 7E [a,b] LREE AR, O
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186 6.3 AHEOHREEERE WHETE

it LGB B B A 1R B 2R & R RV BRI R TE, A0R —(E S e A U PA I ] B i R Y (E 2
e T BERIES, AEE RN BRTREAHEE? %ﬁﬁéﬁ@aﬁ%ﬁ?ﬁl% TEER — LT EE, K
IR IR Rt R R & B BURE A B B R rT DA T e EE, & TR AR T2 EEAR
SNEER ERNBERRMAREN LARREWH,

%] 3. BEKE (Riemann function)

fl@)=4 1 i
0 %x%ﬁ@ﬁ

7 [0,1) B ERRENRY, LH [ f(z)dr =0,

HR: BE e>08 n>0, WE f(z) >e WERBEERSME, T vi,v2, ..., ynvo ;I = 5%, Al
ER—HME |P|| < 0WAEI Pra=a9 <21 < < 2p1 < 7, = b, ABHBWIREEE
wi, > ¢ WIEM (21, 0] REBEEEE v;,7 = 1,2,..., N WEH, MELEMES 2N #, B
F—ERENEE Az, < [|P) <6 = 3k, BE

n n _
wzsAxk ) wzeﬁ - W .2N_n’
FrLAZRE EHE [0,1) M _ERATESH,
FCRBREXEWERESE, RBHAME (0,1 ENSE P, REKETE 0,1] EHZER T
S(P) =0, ﬁﬁufo r)dx = 0, O

REXHBEPI T RN Z: FEEER EEUE S 2T E D K.
T 4. BHRPARM R ERKBRERE THEN.

FU: EEREBHRGHEAEDR, HRRRKBEEAE, /& f(2) £ (0,0 EREGHE, &
f(b) = f(a), Al f(z) BEEHHE. HET 6.1 B9 #] 2 FEKE f(z) 1E [a,b] LEAIEIH.

 F(0) > fla), BEE e >0, ;6 = 7@ > 0 HEEBSE Pa=ao<z1 < - <

Tpo1 <Tpn =bWE |P| <0, ¥ i=1,2,...,n, 58 M; = sup f(z) Em;= inf f(2),

[Ti—1,2:] [2:—1,24]

RE f(x) 1 [a,b] LB, FrEL M; = f(z;) B omi = f(zi1), RRE

n

0<S(P)—§(P):;(Mi—mz — i1 <Z le)'w
Rl f(x) 1E [a,b] FRHREAEN, O

Bt 6.1 By £ 6 igHREARAMRENEE, HAEBEMEMERE IRINHEHRZ%
BREAEE? EEMNENERRER.
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T3 5. HEH f(r) 8 g(x) 1 [a,b] LRREWEN, B f(2)g(x) 7E [a,b] EHERRERTERN,

U WS f(zx) M g(x) 7 [a,b] LRREFEN, Ll f(x) 8 g(z) R, PEREE M > 0 5
BB x € [a,b) BB |f(x)| < M LK |g(x)] < M,
B, HMBE: & o o™ & [a,b] EREERE, Al

[f(@%)g(z") = f(a™)g(a™)| < |f(2%)g(2") = f(a™)g(a™) + f(2™)g(z") = f(z™)g(«™)]
<1f (@) = FE)g(@™)] + |f(@)]lg(2") — g(=™)]
<M (|f(27) = f(@™)] + [g(2") — g(&™)]) (2)

fEE [a,b] FB—DE Pra=ap<a1 < <xp1<xTn =0 P i=12,..., ,nawz,wl
B w; IRIREHRE f(x), g(x) B f(x)g(x) FE/NER (2,1, ;] ERYIRIE, BAEX (2) AT LIE—
BE: w; < M(w) 4+ ) (BRMHEEETEXNBHBBIREHER), B2

n n n
ZwiAazi <M (Z wiAz; + ng/AxZ) o
i=1 i=1 i=1

B f(r) 7l g(x) 16 [a,0] FESRRSTRE, BHEE £ > 0, G748 6 > 0 HESHEEHE P a—
Tg < a1 < < Ty <3y =, REFE |P|| <6, BIE Y wiAz; <e MR S w/Az; <e, B
=1 i=1

s

ZwiAazi <M (Z wWiAz; + ng/AxZ) < 2Me,
i=1 i=1 i=1
R f(x)g(z) 1 [a,b] LHRRERERN,

RAERMEMFTRABAAER (2) TUE—FBE w; < M () + w). FFE, TfIRZEFH

sup |F(z*) — F(z™)| =sup F(x) — inf F(x),
z* el zel zel

RNEREREEXFH F(x) 2HERIIHE f(x), g(x) 8 f(x)g(x) BIFEHTE,

NER—ME, B F(a*) > F(x*), REE M =sup F(z) B m = inf F(z),

zel zel
(A) ¥ER o* e I #F F(2*) < M, 8{EE o™ € I #F F(«*™) > m, FiEHER o, 2™ e T
#HE Fa*) - F@™*) <M —m, P& M —m & F(z*) — F(2*), 2", 2 € T B— L5

B)HEM aceRHE a<M-mTa=M-m—-—ec=(M-35)—(m+35), Hf
e>0, AR M- 5§ A= F(z),z € I WER, FIFEE 2/ € 1 8% M - § < F(2');
W m+ 5 TR F(x),z € I TR, FIUFE o7 € I EF m+ 5 > F(2"), PR
a=(M-5)—(m+35) <F@@)—-F@"), BRER, o T F(z*) — F(z™), 2", 2™ e I
Ay —1{8 E 5%,

(C) H (A) & (B) BHl: sup |F(a*)— F(2**) =M —m = sup F(z) — inf F(x).

z* el zel zel

O

NITE /M ER E B R RS IR B HE, THERENERE WIS EHE T [F
BB,

ftk4zoWBb9c

Eﬁﬁ

xSFru3c0VbI
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188 6.3 AHEOHREEERE WHETE

6 (EMABREMGRIIN). FH f(0) 7 [o,h] FERSURNSEERR: HEE o c
[a,b], f(x) 7 [a,c] 5 [c,b] FRERBARG. KA, RIEUTEMEER:

/abf(x)dm:/:f(ac)dx—l—/cbf(x)dxo (3)

FW: (=) & f(x )E[ab] LFAESH, AEHMERE ¢ > 0, FEAEI P:a=29g < a1 < -+ <
Tpo1 < xp, = b HE Zw,Ax, <e, Hf w, ZEHE f(2) T [vio1, z;] ERYIRIE,

e P #— Tlﬁi\gﬂgﬁ Ble=ua;, H#F je{0,1,2,....n}, Bl P ra=20 <21 < -+ <
zj_1 <xzj=c & la,c] —EDE, M P :c=x; <zjy1 < - <Tp_1 <Tp =035 [c,b] KI—
EE, $aE P& P A

z]:wiAxi < ZwiAxi <e DUk Z w;Ax; < Zw,Axi <&,
i=1 i=1 i=j+1 i=1
R f(z) 72 [a,c] B [c,b] L& RERE AIER,

e N PRSEE, Bl c e (xj_q,2;), HF j€{1,2,...,n}. B c MADE P 2B
—fEFTEIAE, RERL P ra=a)<2) < - <a, <z, =cBBP':c=zxf<af < <
an <y =0b, HI P B P" 53HIZ [a,c] B [c,b] BI2E 5T W) B W) BEE f(x) £ [v]_,, 2]
B (o7 |, 2] BOHRIE, EREE

wiAz; =wj(x; —xj—1) =wj(r; —c+c—xj_1) = wj(:cll/ — :cg) + wj(x;h — 33;1171)

1 1 /! / / / _ 1 1
> wy (2] — xp) + wh, (27, — 2y, 1) = wi Axf +w), Az,

/8wy, Azl <w;Az; MH W Ar] <wjAx;, PR

1 n N2 n
ngAxé < ZMA%‘ <e MUK Zwé’Awé’ < Z%‘A%‘ <&,

RIEHEL f(z) TE [a, c] B [c,b] FERRREAIER.
(<) & f(z) £ [a,c] 8 [c,b] LERREAHEL, AEER ¢ > 0, 2HIFE [a, ] M [c,b] BI73E:
Pra=zxy<a)<ahb<---<ap, =cMPc=x5<af<azi<-- <z, =blERH

" "
;wa <§ Y4 Zwa <§

Hrp o) B W SRR f(v) EEM (o), o] 8 (o) |, 2] ERRIE. B P E P SRR
[a,0] LRI—AREI P:a=2p <21 < - <Tp_1 < Ty =0b, ib w; BEH f(v) 7 [vi1,x] B
#ig, Al

n ni Nno c c
g w;Ax; = E Wi AT, + g wl Axl! < 3 + 3 =6
i=1 i=1 i=1

KB f(x) TE [a,b] LRREFHEN,
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S (3) KA, TEBREANEIHTTE. WEEE f(2) E [a,b], [a, ), [c,b] LIRS,
FBIEHER ¢ > 0,

ReJqCL26G7A

(A) BTE 61 > 0 (EEHEERE c BAEHIE Pra=ao <21 < < Tp_1<Typ =0T
E ||P|| < 61 {EETKZIKEE 52 [mz 1556@ %Bﬁ ‘R f’g’ f;f(x) dCE‘ <e

(B) #4E 92 > 0 T@?”‘J‘Eﬁﬁj\iﬂ Pra=zi<a <<zl <z, =cWiE P <d H
ERREE: ¢ € [¢)_y,2}), A |R(f,&,P) - [ f(z)dz| < e

(C) FHE 03 > 0 BEBEHEBAE P c=af <all < <a’ | <l =bWE P < b
BEEEAL ¢ € (27,27, %ﬁyR £,E P = Y f(a d4<g

B 6 = min(d1,02,03) > 0, RIEHEREDE P, RE | P|| < ¢, & LAEwRNELE P& P 2
T, #4 |P']| <o Bk |P"|| <o, MAStRAREFELR ¢ ¢ 2T, AlF

xdx—(/cf:cdx+/fxd:c>

z)dx — R(f,&, P) + R(f,¢,P') + R(f,¢", P") —(/f d:c+/f d:c>

< 3e,

xMw—Mﬁ&P4+F0£&V%:Af@Nx

+hm€£%</ﬂmw

Fit [P f(x)de = [ f(z)da + [° f(2) dz BIL O

B MRFTE SR RREEES [0 f(2)de 7 o < b WD, BEEQEERDS TRAR
o EIRFFERT IR, WAtRR, 7 o < b HIRFE,

/af(x)dxﬁ—/abf(x)dx

RHBERS [, f(r)de FHFEEZRNARNE TR, MR (0,0 HEE—MEIE P:a=120 <
T <o <oy < Ty = b, B Awg = miy — x, IEBEREAR & € [vioy,x), ERRENR

72aPAeu-tdk

R(f,&,P) 223" f(&)Bx; = — Y f(&)Az; = —R(f,€, P),
=1 =1
Frr 2L

a n a n b
F@&R—Aﬂ@wzzﬁ@ﬂmiéﬂ@wz—XHQMM+/ﬂ@M
i=1 i=1 a

—Rmam+lﬁwmﬁ>(MLam—AU@mQ,
ZFU£J3—LV@Mx

A5

1qufv—éfﬂmdm
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B bR SRl D TRARBES ERIEN, #EARTARE LA LA AE R G R, B
IR EREA A b, STCrAEREREES TR ES ER, R Az > 0 BT,
P L E FaTam BN AT, SE MR R LR, RREK Az > 0 BT AT DIERAT EXARF
S P . 1T 28 2R B AR AR R 1R

WA, EE EETRCHE, B a < b < c BIEDR, HHE f(2) 7E [0, 0], [b,c] K [a, ] LERRE

AR, HIE
c b c
/af(x)dx:/af(x)dx—l—/bf(m)dx

/abf(l“)d:c:/acf(x)dx—/bcf(x)dx:/acf(:c)dx+/cbf(;,;)dx

HEtEH, EEDHPEMERI AN, BT L ¢ #E (o, b] BFESHETTARTIARRL.
DT ERHERE f(2) DREBIGEEHE | f(r)] BB E TR,

T T (RETEE). B f(x) 18 [a,b) ERERE, A |f(2)] 7 [o,b] LHRREFE, W H

< [w)a

x)dx

FU: HREEIE (0,0 EREERE o 2, H=ATER (Triangle Inequality) A&

f @) = [f @) < 1f @) = f@™)l

HEE € >0, Iﬂ% f(z) & [a,b] FRAIESH), FIMEEDEI Pra=09 <21 < -+ <2y <
= b G waAxl <, B wi REE f(x) ERA [rio1, 2] DORE T o BEK
|f ( )| FEER [xl 12 RIRIRIE, RIRTERARITNEREA W, < w), ALk

n n
E wmAxl < E waxZ < e,
i=1 i=1

B |f(2)] %6 [a,b] FHORRE AR,
REHFE « € [o,b) BE —|f(2)] < f(x) < |f(2)], HET 6.1 ) £ 6 8 XIT 7 BH:

b b b b
—/Wﬂmmxs/fumms/Wﬂmmxﬁ g/WﬂmMm
ERBHTEENERSVESEEEREER, REES E—EINEAES, BrLIEEE ] L

pis 52%5@7%‘% (Triangle Inequality) BIFESRRA,
—H TR BB EE S B — S EHEHE,

x)dz

O

fﬁlf{t
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T 8 (EAHE—HEEHE, First Mean Value Theorem for Integrals). # f(z) 8 g(z) 1 [a,b] EgZ3E
FRBEFR, WH g(r) 2 0. B m = inf f(2),M = sup f(z), MEEE C € [m, M) 545

:ve[a

/ f(x)g(z)dx = /b g(x)dz.

FHE—FH B f(z) 7 [a,b] LEE, BIFELE € € [a,0] H15

[ 1= [ gar

&9 WE m < f(x) <M H g(x) >0, Bill mg(z) < f(z)g(x) < Mg(x), B

/ dx</f dx<M/

% [P g(z)de = 0, BUEE C € [m, M] SREHKT. % [0 g(x)dz > 0, HIE

[=25)

G1ENh_6J1imI

L@ as
f; g(z)dx
HERTK. & f(x) 7£ [a,b] L3EHE, HFE{EEHE (Intermediate Value Theorem) 541 4L
§ € [a,b] R £(5) = C, Filk

[ rwwrar= 5@ [ gya

EENY RREG FRAES B IEEEANRER M. LARE—EEENIINER, RE
ARRFEREIRAL (o, 0] BT, BENEERES g(v), RERE f(r) =2 2T, BoHE—9E
EEBEW C = f(O) FrEEEREE D (center of mass) WALIE, M » = C NTE [a,b] Z[H,
BAIERKRE REE| THEZAZR (probability theory), # g(z) =1 [a, b] ERAFEREHE B EE R
REEHH, AIE fa g(z)de = 1, BRE f(z) =z, WEREHN C HESEEEREBNHLE
(expectation value)s,

BHEEEXTERERRSE—EEHEE? Hh—EMERKENE g(z) = 1 ZT, &

@) B [a,b] FHOEEEEE, Q5
b b
| e =1 [ 140 = pO0-a) = 1) - _a/f

EERNVRET, FAGERWRERH f(2) £ [o,0] LRFIFE (average), T HFIIERHEKHK
flx) BEHR—B v = ¢ WREEER HRARMARMA, MIFRRAREE f(r) WERE s
T=a Eﬁi r=b ZHESEREL b — o BEL f(§) RENEREE .

H/ 8 TR E—GEERE, FIAMANEGHEED S _IEEHE, MR BERCRIT. R
ﬁ}%:i’]ﬁmi%é’]?&%m%FH?J{%*%%ZIK%}EEPE’JH%%F% Pt DAB P8 21 T — BT #E.

O
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6.4 PR A EH B B RIEEM

E—HETFEHNEERHMESEREEREE S BESE AR S B RE7 l o iE s A . 1
1 i B MRS RENE i, EEEERRERERE T EAERE T AT HE,
2jz8HaYbLPw 2 39 1 (RS BEAEEE —E7, Fundamental Theorem of Calculus, Part I). &% f(z) 1E
[a,b] ERITESH), B x € [a,b], BE

0= [ s
BB AT #dm -

(A) B F(z) E [o,b] - RSEmH,

(Bl) #HHH f(z) 7E 2 = zo BHEEME, A F (v0) = f(z0)s
(BQ) %@;& f(x) E T =g ﬁf&ji‘izgﬁ\%, E\U FL(QTO) = f(xo)o

F9: W f(x) 1E [a,b] ERAIBESH, FREL f(z) BR, BIEE M > 0 EEHAE « € [0, 0] 8
A [f(2)] < Mo

(A) 85 0 € [a,b], B

[ sl [0

HBEe>0Wo=>0 HHHE z € a,b] H |z -0 <9, #E |[F(z) — Fzg)| <
Mz —xo| < M - 57 =€, At F(z) 7 « = xo R,

|F( F(xo)| = Mdt' M|z — x9|,

(B1) &% f(z) £ « = xo R, AIEHMER e > 0, FHE 0 > 0 BERHEERRE 0 <z —20 <9
HIEETAE | f(z) — f(zo0)] < eo IR

F(z) — F () [o f(#)dt — f(zo)(x — 20)

r — X r — o

1 xr
< / |f(t) — f(zo)|dt < / edt = ¢,
x—:co o T =20 Jg,

1
Tr — X

- f(aw)| =

JRCCR LT

A Fl (z0) = f(z0)o

(B2) B3 f(x) T o = xo RAEME, QIEHET ¢ > 0, fFE 0 > 0 HEHAERE —0 <z—20 <0
WIZEEE | f(z) — f(20)| < &0 BoRE

Fo) = Flao) _, (xo)‘ | f®dt = Flzo)(@ —zo) | | = [ (f(t) = f(0)) dt]
T — Xo T — g To— T
< —— [0 - saolar < —— [Tear—c,

R F (z0) = f(x0)o
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MR HIRRE T, i%%féﬁ“ (z) 7 [a,b] EREEXBEIHED, B, & (B1) 8 (B2) By E¥EE
WREIHIEEY F(2) = [ f() dt 1 [o,0] ERFAIMSEY, LHBRENBRTREATAT: & " :

([ o) - s, w

AT (4) WE—ERER: & f(x) BEEKE, QIR 80 - B YR#ERIE,
BAERMGEM AR FHRENER, EERMEM—EEE. BEE [o,b] ERHE f(2), &
FIEF B F () BEREE © € [o,b]) #A F'(z) = f(r) (nBERFEEAEE), HE
M F(z) 2 f(r) B—@ RE &I (antiderivative)o B —EFERE: HHAAE = € [o,b] FE
g (z) =0, Bl g(z) REBHE. FHEMEEEH, MIBHA: 1R F(o) B f(z) W—EREKE, I
J& F(x)+ C %ﬁ% [(z) NEHE, Hf C e R, 1B, & f(z) 2 [a,b] B _FAEERE, H

(4) RFHAT F(z) = [ f(t)dt+ C B—M@ f(x) BREEEL

RARER, L@_ﬁﬁﬁﬁ)ﬁ%—ﬁgﬁﬁﬁ% [(z) BEEHBHHEY. BERMEMNE: & f(o) 2
—{E7E [a,b] ERIRIRESHRE, HE f(r) WREREEEE? 5T RIEEEME, ROCEZEMRE
BB R,

2. ZE B RE (unit step function)

{0 <0

flz) = L #aso,

I a <0, H

z 0 Hx<0
Fm):/ fa=4 " =7
a z Hax>0

M, BitE
0 Fax<0
Flo)={ T #Ha=0
1 x>0,

BE F'(x) # f(x)o

B EERAT, RMAFRE: RE f(o) 7 [o,b) EBE—ETEER, IEREENH F(r) =
[T ) dt AEEE f(o) MREKE, BRL, EMFETES 5 RN —ETHE: BEH
f(x) # [a,b] BRI EE, HEEKE f/(v) TEERENEER (jump discontinuity). FTLIE
A e S A T [a, b] LFF@E%EQ’%@EE@T@%E&E@ﬂFﬁZﬁ%LI%ITTTE

FBZEAREHEY f(v) Uk F(r) = [T f(t) dt B F'(o) BRER, HEHRE F(0) £
fF(0) TE, HEfFHE 5. ﬁﬁﬁﬁﬂ REBRE T —l—fit, RAER—EERAEE M
FRBCE T R AP, [ETEAR, TGRS P B g ?&Lﬁ‘%)ﬁﬁ’\gﬁ R f(x) R
B—METE [a,b] ERFIESHE, HEESEREENE-BHRERA F(z) = [ f(t)dt B
la,b] EHEBRE, A BRIHEE S HRLEHENERTIE?

HEF S A EE D EimR R AL, TIPS E A H S S B L mrIREE,
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T 3 (S EAEESE — 867, Fundamental Theorem of Calculus, Part IT). BEEKE f(x)
 [a,b] LREFABEASH, F(x) 7 [a,b] BREEEXRE, WHRTHRERLSNEE F/(2) = f(z), Rl

/ f(z)dz = F(b) — F(a)s

Y B F(x) # f(o) OERRDR o7, 23, o, EREEEMHBARREH F/ (o)) T, &
T [a,b) EDEIPa=20 <21 < -+ < 21 < 1 = b, MHERTE x%,j =1,2,...,m
#HE PO EE. AR F(x) & [z, v;) BEE, 7E (2-1, ;) BRAIOH, HFEERE (Mean
Value Theorem) B41: F1E ¢; € (w1, 2;) FH

F(mz) — F(Cﬂifl) = F’(cl)(xz — xi,l) = f(CZ)ACCZ,

ES]l:

n

F(b) - F(CL) = Z(F(Cﬂl - xz 1 Zf Cz sz,

i=1
HE f(z) 7 [a,b] LRAITESH, FIEEE c >0, FE I > 0 HBHRIEI Pra=29 <21 <
< Tpo1 < T =bWE ||P|| < 6 BEARE ¢; € 11, x;] W, #F

F0) - Fa) - [ ' f(a)da (e - | ' f(a)da

R [° f(x)de = F(b) — F(a)a O

<e,

EEREARE 2R, RIEPEHARAERER X B ERARRN ER s ER & A
ERERN A RE, WMAZRRE N EFINAERK—EH BRI SR SRR ERRE
fIRERE, BA F RREREEESNEENE, ERERSNERS VEE T NEWRERRER, it 75
WESHFREE, BMNESE RN RSN E RS, 5IHRESNES R EERRE
KR ER. EREMESNHEY, FEZETERNER, AR &SR NFK T ERS
HETIMAE %,

M E 32 3 Wi R R B S B A A R A EE R R B L. HNTENE RAE: &
K f(x) 72 [a,b] BB LTE o = o, 23, ... of, EETEER R f(x) 1E (o, 0] LRRERH
A, BRDERE, BB f(v) £ (v]_,,2}) ERRERH Fj(v) +Cjj = 1,2,...,m;m+1
RN, B o = 25,0 = o, UK C) € Ro ERMEBEHE f (o) EAEEH » = o7 K9
FERE AWK RERE Fj(r) + C; B Fia(z) + Oy £ v = o} REME, LR O lakE,
M Cy WEHREREE » = o WEEETLIgRE; hited, #

lim (Fi(z)+Ch)= lim (Fa(x)+ Cy)

z—(a7)” z— ()t

RS Oy, RBIKFHEE Cs, Cy, ..., Oy WA, BRERRE

b
/ f(z)dx = <;,}£§,1 Fri1(z) + C'm+1> - (inﬁ Fi(z) + Cl> o




6.4 D AT H BRI BIHIEY 195

[l NG > FRAER 2 2 IR B E DB, FETTEE AU BB % (Substitution Rule).
ETESE (Integration by Parts). &% (Trigonometric Integration). #5343k (Partial
Fraction Method) E = #11% (Trigonometric Substitution). BREE =ZEES T, TEEN
FRFE LRI IR B OB BT DI I B S A, (B2 58 e R 7 A2 IR B 18 B
FEHO S H. BT K EEHE M EE S 5.

TIL 4 (BEUERIER] Substitution Rule). % ¢(x) € CY([a,b]), MH ¢'(x) # 0, TEKE f(x)
1E [c,d] = ¢([a, b)) LRFIESH, H

/ du-/ flo x) dzo

EH: WE ¢ (v) # 0 BEEHRE, Fi ¢ (2) 1 [a,0) FEESEE. EEAGH ¢ (v) > 0 WHE
2, B ¢ (z) < 0 KBRFEERTE. RS ¢ (z) > 0, FTLAKE ¢(x) 1E [a,b] LREBEEEHIRKE,
Wi B [c,d] = [¢(a),p(b)], TIE ¢~ : [c,d] — [a,b] HRERKELHHKEL

a3 AT 1B BR 5T et

(A) ¥ETE [a,b) EH—ERE Pra=20 <21 < < wp_1 < xp = b, AB ¢(r) BEKE
ERERE, T w = o(x;), HF i =0,1,2,...,n, AIEE [c,d EB—EDE P :c=ug <
U < s < Upoq < Uy = d, FEBRERAEREL G € [uim1,u), WEL f(u) T [c,d] EERSE]
P HREMR

C Pl Zf Cz Auz = Zf Cz z (xz—l))°

EEERS [0 f(u) du B1E, FEIBHER c > 0 % n > 0 FESBAH PR || P <
BT cz i1, ], 8

<&

¢(b)
R(f.C.P) — A S

(B) ABKEHE ¢! : [c,d] — [a,b] FIE, LB @ = 1,2,...,n, B § HEE o FE
G = d(c;); B—FHHE, BB o(x) € Cl([a,b]), HIEEHE (Mean Value Theorem) B4l: 7
o} € (wim1,3) BER d(20) — d(wio1) = &' (c]) (i —wi1) = ¢'(¢])Aw;, R (A) KIS
e, REM It E R

fCP/ ngz Z - 55@ 1 Zf Axlo

HAEEEME A AE P SRS RAE P . RS ¢ (2) 7 [0,b] FER, FiE
£ My > 0 EEEFTE « € [0,0] BB |¢/ ()] < Myo $EE ¢ >0, B o = - > 0, Al
EELE PR ||P|| < o) BEERAR G, A [P < Mi||P|| < My - 3 =n, 3R

¢(b)
;) Ax; — / flu)du
¢(a)

é(b)

R(f,c,P’)—A()

< Eo

EgEE
o

PYs9MhQU2UO
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EEEE  (C) BEE e > 0, WS f(u) % [c.d LAR, FE My > 0 BEHHE u € [c.d #E

Eﬁ% If(u)] < My, BB ¢'(z) £ [a,b] L3EE, AT ¢ (z) 7 [a,b] E¥FFEEE (uniformly
“hPp3yyDA_A continuous), FTPATETE 0o > 0 HEEEFTE t*,t** € [a,b] B |t* — "] < 6 HE

9 9

68 = ) < g =y = VOENEE) — 6] < 5

(D) WAE Pra=x0<a1 < - <p1 <z =bTE, HEEEELE & € (v, 2] THE

RS IS
R(fog-¢,&P) = }jf ¢ (&) Ao
FISHER ¢ > 0, B 63 > 0 FEHEENE P HE |P| < 63 BEERAY & <
lwio1, 2], A6
¢ (&) Az — /f z)|dz| < &

R, THIMEERA & =, HF ¢ ZH (B) WARERIIOE, HRE ¢ = ¢ 1(G)-

(E) £ € > 0, BlL 0 = min(d1, 02, 03) > 0, RI¥EHERSE P, RE ||P|| <9, H (B) H:&E
R ¢, c;, RLUT kGt

/45(6 du—/ o

¢>()
/ du—Zf ;) Ax;
®

(a)

+ Zf((b(ci Az — Zf '(c;)Ax;

#(ci)) ¢ (c;) Az — / flo dz

B (A) ESERALE I <e; (D) BRI IO < ¢; £ T #Wf4E, AIF

1Yg7ZzDLRzU

<

=1+ 1II + III,

sz Z f Cz Axl

<Z‘f '(¢;) |A9UZ<Z Axl—bia-(b—a):&?,

b—a

Kt

/(é(:b) du—/ f(o x)dr| < 3¢ :>/ w)du = /abf(¢($))¢(x) da
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T3 5 (DERES AT, Integration by Parts). BEEKE f(2), 9(2), f'(z),d (x) £ [a,b] LEZ
AIESHY, A
r=b b bGex02uaqRA
[ 1@ =[1@ow][7 - [ s

FHH: HRHECKEZRAIFREAZ (Product Rule) HI3E:

(f(@)g(x))" = f'(2)g(z) + f(2)g'(x),
HESEAEHE (Fundamental Theorem of Calculus) 541

f@)g(a)]

ZZ / dx_/ [z d56+/abf(a:)g (x)dx
Rt LA
[ 1@ ar = 1]

|
EHTHBEEERHESE HEEHE, BAFHER N, RMFTELZTIHIT mHES([H
5122 6 (P HE%8 1, Abel Transformation). ¥ En: ab;, F A = Ek: a;, QG %
i=1 i=1 e i
Ok 23
Zazb = A,b, + ZA —bit1)o AdW13zQdB9g

CE_NH}] _%E A(] = 0 E\U

Zazb _ZA Ai_1)b; _ZAb —ZAZ 1b; _ZAb

n—1
Z Aibit
:Anbn_A0b1+ZAz(bz_ z+1 A b +ZA - z+1
i=1

O
k
S 7. BHE m M e REREME k=1,2,.... n 88 m < Ay = 3 a; < M, T {bi}],
=1
FEE B, Al

n
mb1 S Zalbz S Mblo
i=1

B0 W (b, FEEEER, B b — by > 0, FilL

n n—1 n—1
E aibi: nn Vi

Apb +ZAz(bz_bi+1) SMbn-l-ZM bi — biy1)

(i i :Mbn—i-M(bl—bn):Mbl
=1 =1
n—1
Zalb = Apby +ZA (b — big1) > mbn + »_m(b; — big1) = mby +m(by — by) = mby,
=1 =1 =1
K E A RIS E R,
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T 8 (B IIEEH, Second Mean Value Theorem for Integrals). &&% f(x) 1 [a,b] &
AMEDH, g(x) 7 [a,b] EIEEHER, AIFE € € [o,b] FER

/ ' fla)oe) do = gla) / " fe)de

FHH: Iil% f()g(z) RAIESH, FTAEESEI Pra=29 <21 <+ < X1 < T, = b, BHES
P f(2)g(x) do BB

L My = TUI])|f(x)|, M w! FR g(x) & [wio1, z;]) ERIIRIE, Al
a,b

< Z/ z)||g(z) — g(zi—1)|dz < My waAmi,

i=1

g(zi—1))dx

W g(x) £ [a,b] LRFEDHY, Bl ”]lgiﬁnoM\ﬂ i wiAz; =0, B2
- i=1

/ US dx_nzlﬁlﬁgozwz ' / US

SH—7H, F(z) = [ f(t)dt 1E [a,b] FREEH ﬁ,%ﬂM:?ii{F()m_r[mélF( x), i

= fxm,l f(x)dz B Ay, = Z a; = [ f(z)de = F(xy), WHE b = g(zi—1), BB g(2) FE
BIgREL, B by > by > - > b > 0, B 3132 7 153

9 <Y glei) [ 1@as < mgta)
i—1 i1

FRUABUERR  lim 2 R

1Pll—0

/ f(z)g(x)dz < Mg(a)s
(A) 1R g(a) =0, Il g(x) =0, {EH £ € [a,b] FEREKLo

(B) M1 g(a) > 0, % C = &5 [V f(w)g(x) dz, R F(z) 7 [a,b] LM, TiH m < C < M,
HHHEEERE (Intermediate Value Theorem) BH, F1E € € [a,b] 15

C:>/f ﬁ/af(x d:c:>/f z)dz = g(a /f
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T 9 (BHEIEEH, Second Mean Value Theorem for Integrals, general version). {R&%
KB f(x) 7E [a, 0] EFITRDHY, g(v) REHEE, AIFE € € [, 0] EfF

b ¢ b
x)g(x)dz = g(a x)dx b x)dx
Lfﬁﬁ) gHLﬂ)-wUAﬂ)

FH: F g(r) B, B G(x) =g(b) — g(z), Bl G(x) FFEERERE, H T2 8 B4l

b I3 b 13
/ﬂMMMw@@/ﬂmm:/ﬂwwwmmm:www@vﬁmm

B 2 15 E
b b
/fmwmm:/fmm dz — ( /f

GXLéﬂ@dm+g®X4tﬂ@d%

= (o) B, 4 G(2) = g(z) — g(b), B G(x) FEAEER, i 21T 8 B4

Lﬂmmv /f Mé/f (b)) d wwﬁml%mm

BHZBEE
b b
[ rwrar = [ @aerar + 6@ - oo [

GXLéﬂ@dm+g®X4tﬂ@d%

B 56 IR A B R A BT B iR A A, BMEE T —Ea B ek #
BRI B5E (8 EE Y B R F g

6.5 TERESTHIER

ERSHEAEEERE, A8 ERFIR DR HERD RIS RAR AR B S EEAE, Flinihir %ﬁ

HRE. BBEE, N REH HROVERS. E7E LS YERRRE L BBHEE BE Sy

B o A AR ) B AT AT DA iR ) K q17n5LOmt Y
18 — B T DU T i A BURR BH A0 AT il A RSB (EE S R BUE L D IRoR. BT a1

B AR B G R TR AR SRR FRVE? 38R 5 H 8 SR AR SR B R

RPRRICERAHERILLEE], R, GRMNAERE (Disk Method) 5Tl 3 F (8 e

HMEHE LRENVERLRIECERE B LS EEHES X, MEKRTZ M, KRt RED

HAVHEE A RHEI 5 R, C R ILBEMRT, S AAE T RIR fIE S BIRR R il R D XA

S IR EERLE R T T SR IR A 3 T R

E-d_bEc4B2M

O
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TREFEHH—EHE T € R?, BREZFLNER —% £ X% niE S egsdt (C! smooth map-
ping) a : [a,b] — R, a(t) = (x(t),y(t)) BWAHRIL; WEER, 2(1),y(t) € C([a,b]). ¥HEERE
A [a,b] LR—EDE P:a=1to <t < - <tp_1 <lp=>, Al a(t;) RIKFDMIEMI T LK
Bh, 206 6.1 Ain:

totita ts -+ t, 1ty

6.1: ANZITIREERBIRRE.

FEihik T HRaE P REEIRESR (inscribed polygon) &:

= la(t) — altic)| =D V(@) — x(tic)? + (k) — y(tio1)?,
=1 =1

HILERME T 8 =& (length) B 98k (arc length) & L(I') = lim L(e, P)o

) 1P]—0
Ok 0] AT 4 38A:
Tt L) lim L(e, P) ||a )| dt = ¢ N2 dt;
AiQWuAZpWs4 ||P|| —0

HWHER, BEE c> 0, FE I > 0 FEHEENE Pra=to<t1 < - <ty 1 <t,=0b, RE
|P| < 6, #E

(t)]|dt — L(a,P)' <e

B, HMEE e > 0, AB o/(¢) ¥ o/ (t) & [a,b] LEE, FrlL 2/(¢t) ¥ o/ (t) 7E [a,b] LEZEE
SRR (uniformly continuous), RERELE 6, > 0 HEEEE t*, 1 € [a,b], RE [t* —t™| < 6,
Eis)

|2 () — 2'(£7)] < PR |y (87) =y (£7)] <

4(b—a) 4(b—a)’

REBEED f o/ (t)|| dt F#1E, FRLAES € > 0, BAE 02 > 0 ERHEREDE P :a =1 <
t1 C <ty < tp, =bWRE ||P|| < d AREBEARE & € [tio, ti], BB

b n
[ Il =Y ja'te)ian] < 5.
“ i=1




6.5 THREIWEH 201

= min(51,62) > 0, BfEET

(0)dt - ' (0)] e - Zua &)lar,

)| At —Z\Ia ) — altia]

Zua &)llat, —Zua )~ altio1)

HE x(t),y(t) € C([a,b]), HFIEEE (Mean Value Theorem) f341: FFAE &, & € (ti—1,t;) F EREE

- £2H
= AR

MSQ0ah9731Q

<z -l—

> ety — altica)ll = > /(@ (ts) — o (tim1)2 + (y(t:) — y(ti-1))?
=1 =1

= z”: \/(Cﬂ’(ﬁf)(tz’ —ti-1))* + (Y (&)t — ti1))?
-3 R e P
H=AT%ER (Triangle Inequality) 5%
"(&)llAL; — 2; le(ti) — ax(tia)]

Z (W(@))? PG - i€ + 67 ) o

=1

WER — /(@ ())? + (&) At

) — /(€))7 + (¥ (&) — ¥ (7)) | At

<Z [#(6) = €)1+ /(&) — (€)Mt < 3 55— 5 At =2,
1=1

b g g
/ e ()| dt — L(a,P)' <stg=e

[\)

W FhEtsh, RS BHEE ¢ > 0, TEIE 6 > 0, ﬁﬁ“"ﬂii‘ﬁj\iﬂ Pia=ty<t, <-- <
b1 < tn=bWRE ||P| < 6 EEEERY & < [tii1, t;], H (t)lldt — L(ex, P)| < eo A
iig

L) = lim L(a,P) /||a )| dt = /\/ ))2 dt.

1Pll—0
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FERAA AR R RO N2, G RS A B A IURR 2N, iRy REEES K
HERIRRE NI Z Z R AT R] DA Bz, T B {5 A5 DASE o IR IR A R R S (E e 2 4% T B
RENZRHEAH, BERBMERNANRRNFEN, FTEGERENM «/(t) & o/ (1) B FHAEE L
R BOEE o/ (t) 8 o/ (t) MR DEEBOFE T, FHEZEE—BEfkEr.




