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Chapter 15 Multiple Integrals

15.1 Double Integrals over Rectangles, page 988

Review of the Definite Integral, page 988

Suppose that f(x) is defined for a <z <.

(1) Divide the interval [a,b] into n subintervals [z;_1, z;] of equal width Az = >, -
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(2) In each subinterval [z;_1,z;], choose a sample point =} € [z;_1, z4].
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Figure 1: Definition of a definite integral.
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Volumes and Double Integrals, page 988

Similarly, we consider a function f(x,y) defined on a closed rectangle BB ERSD
mtE, WREHR

9 EFRSEL A

R=la,b] x [c,d] ={(z,y) eR°|a <z < bc<y<d} 55 ML SRR
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and we first suppose that f(z,y) > 0. The graph of f is a surface with equation z = f(z,y). fgﬁ{(ﬁﬂ?ﬁ
SE xz,y) H

Let S be the solid that lies above R and under the graph of f, that is oy 7F T 19 I B
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The goal is to find the volume of S.

(1) Divide the rectangle R into subrectangles:

— Divide [a,b] into m subinterval [z;_1, x;] with width Az = 24,

— Divide [¢,d] into n subinterval [y;_1,y;] with width Ay = %.

— We form the subrectangles:
Rij = [zi—1, 2] X [yi—1,ui] = {(z,y)|wic1 <2 <y, ;-1 <y <yj}
Each R;; with area AA = AzAy.

(2) Choose a sample point (x;,y;;) (FAH) in each R;;.

(3) We get an approximation to the total volume of S by double Riemann sum (ZEZRE
):

(4) Define the volume (#81&) of the solid S by

V= tim Y (v AA

i=1 j=1

Definition 1 (page 990). The double integral (EFE5, ZEFE5) of f(x,y) over the rectangle
Ris
J[ raaaa® im 33 Al
’ i=1 j=1

if this limit exists.

O #frEs: (A 8% WEIE vy-THN EHRT .
[ % dA EEFFEREE, MRAK [ENET .
L] 6EAEESE do A dy (BFER) R FEAETT). (dy Ade = —dz A dy)

Iterated Integrals, page 993

Goal: Compute the double integrals by iterated integrals.

Recall that it is usually difficult to evaluate single integrals directly from the definition of an
integral. The evaluation of double integrals from the definition is even more difficult. In this
section, we will see how to express a double integral as an iterated integral, which can be

evaluated by calculating two single integrals.
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Suppose that f(z,y) is integrable on the rectangle R = [a,b] X [c, d].

Definition 2 (page 993). Define the partial integration of f(x,y) with respect to y, denoted
by fcd f(x,y)dy to mean that z is fixed and f(x,y) is integrated with respect to y from y = ¢
toy =d.

After partial integration, fcd f(z,y) dy depends on z, so we denote it by A(z).

Definition 3 (page 993). If we integrate A(x) = fcdf(:n,y) dy with respect to x from z = a H-2EEE—X
Hit—EBEES

to x = b, we get the iterated integral (5e%t y %¥ » HZRES): R — R
b b d b od 5. HBEIHE
®RER, FUEE
/ A(fp)dx:/ </ f(:l?,y)dy)d:lt:// f(z,y)dydx [y % o) B[4
a a C a C

x %yl WERTHE,
U] BERERMRATE S G AN, (EREERRI
Similarly, the iterated integral (5e¥#f » %% y B ZKEHD)

/cd/abf(x,y)da:dy:/cd </abf(a:,y)dx> dy:/ch(y)dy_

means that we first integrate with respect to x (fixed y) from x = a to x = b and then
integrate the resulting function B(y) = fab f(z,y)dz from y = ¢ to y = d.

Fubini’s Theorem (page 994). If f(z,y) is continuous on the rectangles R = {(x,y)|a < HEE@EH, =

<be<u<di. th REBAERREL
x <bc<y<dy}, then i R
HoXEAFE

/[ tamaa= [ b ( / df(a:,y)dy> ar= [ ‘ ( / ’ f(x,ymx) a. % KNI

RS FRERRA
EREEEHE, X
B BAE AR
only on a finite number of smooth curves, and the iterated integrals exist. EEES B R
DA EBL.
Example 4 (page 995). Evaluate [[,ysin(zy)dA, where R = [1,2] x [0, 7]. D)

In general, this is true if we assume that f(x,y) is bounded on R, f(x,y) is discontinuous

Solution. If we first integrate with respect to x, we get xgzv;_swwg
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Solution 2. If we reverse the order of integration, we get

//Rysin(a:y) dA =

We use and get

So

[ B A AR TREHR ), AT TERIEFR R | ERE g i ai.

Example 5 (page 996). Find the volume of the solid S that is bounded by the elliptic
paraboloid 22 4 2y? + z = 16, the plane z = 2 and y = 2, and the three coordinate planes.

Solution.

In the special case, where f(z,y) = g(z)h(y) is the product of a function of z only and a
function of y only, by Fubini’s Theorem, we get

Example 6 (page 996). If R = [0, 5] x [0, 5], then

// sinzcosydA =
R
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15.2 Double Integrals over General Regions, page
1001

Goal: We will learn how to integrate a function f(z,y) over a bounded region D.

Define a new function F'(z,y) with a rectangular region R O D by

(1)

Fla,y) flz,y) if (z,y)isin D
':U7 = . . . .
Y 0 if (z,y) is in R but not in D.

Figure 1: Double integral of f over D.
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Definition 1 (page 1001). If F(x,y) is integrable over R, then we define the double integral —%W#s, FHER

of f(z,y) over D (3 D L& f(x,y) WEMES) by

// f(z,y)dA = // F(z,y)dA, where F is given by (1).
D R
Definition 2 (page 1002).

(1) A plane region D is said to be of type I if it lies between the graphs of two continuous
functions of z, that is, D = {(z,y)|la < z < b,g1(x) < y < g2(x)}, where g1(z) and

g2(x) are continuous on [a, b].

(2) A plane region D is said to be of type II if it lies between the graphs of two continuous
functions of y, that is, D = {(z,y)|hi(y) < z < ha(y),c < y < d}, where hy(y) and

ha(y) are continuous on [c, d].

Figure 2: Type I and Type II region.
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Theorem 3 (page 1002-1003).

(a) If f(x,y) is continuous on a type I region D, then

//fa:y dA = / (/y::x xy)dy) dx.

(b) If f(z,y) is continuous on a type II region D, then

femda= [ ([ r@yde ) ay.
/D /c /:c:hl(y)

Proof of (a). We choose a rectangle R = [a,b] X [c,d], where ¢ and d are constants satisfy
¢ < min gi(x) and d > max go(z). Let F(x,y) be the function given by (1). By Fubini’s
x€[a,b] z€[a,b]

Theorem, we have

//Df(:n,y)dA://RF(x,y)dA:/ab </ch(x,y)dy> dz

For fixed z € [a, b], since F(z,y) = 0if y < gi(x) or y > ga2(x), the lower limit can be replaced
by ¢1(z), and the upper limit can replaced by go(x). Therefore,

/[ samaa= | b ( / (()) Fa,y) dy> ar= [ ’ ( / (()) f(,) dy) da

because F'(z,y) = f(z,y) when g1(z) <y < ga(y). O
L JEAER S e iEsy, £ TR &R [,

[ Rk § B, b FTIRERE y WETER, iR v =g(z) 8y = g1(x).

(] BgEmE (TEHR); PRz,

Example 4 (page 1003). Evaluate [[,(z + 2y)dA, where D is the region bounded by the
parabolas y = 222 and y = 2% + 1.
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Example 5. Find the volume of the solid that lies under the paraboloid z = 22 4+ 3? and B '-‘
above the region D in the zy-plane bounded by the line y = = and the parabola y = z2.

Solution.

Solution 2.

Example 6. Evaluate [/ prydA, where D is the region bounded by the line y = x — 1 and
the parabola y? = = + 1.

Solution.
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EZ3E Example 8 (page 1006). Evaluate the iterated integral fol fml sin(y

&
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Example

7 (page 449, 1008). Find the volume common to two circular cylinders, each with

radius r, if the axes of the cylinders intersect at right angles.

Solution.

Solution 2.

Solution.

%) dy da.
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Properties of Double Integrals, page 1006

We assume that all of the integrals exist.

@ [[ G +gemaa= [[ rapaas [[ gamaa
o | /D cfepda=c /D f(y) dA.

(¢) If f(z,y) > g(z,y) for all (x,y) € D, then //D f(z,y)dA > //D g(z,y)dA.

(d) If D = Dy U Do, where D; and Do don’t overlap except on boundaries, then

//Df(x,y)dA:/D] f(fnvy)dA‘i'/DQf(:E,y)dA.

This property can be used to evaluate double integrals over regions D that are neither

type I nor type II but can be expressed as a union of regions of type I or type II.

Figure 3: D is neither type I nor type II. Dy is type I, Dy is type II.

() / /D 1dA = Area(D).

(f) If m < f(z,y) < M for all (z,y) in D, then

m Area(D) < //D f(z,y)dA < M Area(D).
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15.3 Double Integrals in Polar Coordinates, page
1010

polar coordinates.

Recall that relations between Cartesian coordinates and polar coordinates:

T =rcosf
y=rsinf

Definition 1 (page 1010). Define the polar rectangle (Fr4LIERHiE )

r? =22 + y?

_y
tan @ = .

R={(r,0)]|a <r<ba<0<p}

Here we use the definition of double integral to find the formula of double integrals in

polar rectangles.
(1) Divide the polar rectangle into small polar rectangles:

— Dividing [a, b] into m subinterval [r;_1,r;] with width Ar = b_ﬁ.
— Dividing [«, 8] into n subinterval [#;_1, 6;] with width Af = 5%0‘

— We get small polar rectangles: R;; = {(r,0)|ri—1 <r < 7,01 <0 <6}

(2) Choose the “center” of the polar subrectangle (r7, 0;) as the sample point in each R;j,

where
.1 .1
T, = _(Ti—l + 7‘2’), Hj = —(9]'_1 + 9])
2 2
We compute the area of R;;:

AAZ']‘ = %r?AO — r?_lAH = %(T’Z + ri_l)(ri — T‘i_l)AH = T:AT‘A@

1
2
(3) We get the double Riemann sum in polar rectangles:

Z Zf(ﬁk cos 07,7} sin0;)AA; = Z Zf(rf cos 07, ] sin 07 )r; ArAf.

i=1 j=1 i=1 j=1

(4) When m,n — oo, we get

/7;f0my)dA==

8 b
:// f(rcosf,rsin@)rdrdd.

SN £} cos 65,7 sind:)rfArAg

i=1 j=1

lim
m,n—00
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Change to Polar Coordinates in a Double Integral (page 1012). If f is continuous on
a polar rectangle R given by 0 < a <r <b, a <0 <, where 0 < — «a < 27, then

//Rf(x’y)dA:/j/abf(rcosﬁ,rsinH)rdrdH.

U A ERE T + dr d6; %00 E R EEM/NESER drrdd: KEER_ EEIE,
L] rdrd6 RS r #8 Jacobian: g((fg)) = |det <[ z: ”Zg })

Example 2 (page 1012). Evaluate || r(3T + 4y2)dA, where R is the region in the upper
half-plane bounded by the circles 2 +y? = 1 and 22 4 y? = 4.

o

Solution.

Example 3 (page 1012). Find the volume of the solid bounded by the plane z = 0 and the
paraboloid z = 1 — 2% — y2.

Solution.
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E5%E Theorem 4 (page 1013). If f(x,y) is continuous on a polar region D = {(r,0)|h1(0) <r <

E3E 1,00).0 <0< B, then
XFIXBRVJSBI
N B Tzhz(e)
BB RAHE B :
U, //D f(z,y) dA—/a/T:hl(e) f(rcos@,rsin)rdrdb.
ERSAXNES

ermmgEEs. [ ¥ - HAES, ERE r=ho(d), TR r = hi(0), BB 0 BIEKH,

m3EdERATEZ Example 5 (page 1013). Use a double integral to find the area enclosed by one loop of the
TR S5 T 7 T R B A
BRSRE, ER
ARBESHLAE Golution.
HERHE. &

B 1, AIE

T3 B (EL S e 3 T

BARN—2. T

ORI, S mE

#H—FRaSHR, &

FRE — T AT

B TR S T

R, Rk IR
MR R

R, HERAKE

(iR SR/ NANES

) L TR,

four-leaved rose r = cos 26.

EiFEE  Example 6 (page 1014). Find the volume of the solid that lies under the paraboloid z =
& x? + 92, above the zy-plane, and inside the cylinder 22 + y? = 2z.

h1I4M2wlds4 .
Solution.
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Appendix

iiskATE, 2EA The area form (or volume form) has the following structure: Since
o HITHIRES
BEMTH, BT { dz = drcosf — rsinf dd N [ dx ] B [ cosf —rsinf ] [ dr ]

E 2 AR AR . .
[ dy = drsind + rcosdé dy do

THEFES, & We compute the determinant of the matrix, called Jacobian:
R A EERCER, B

sinf rcosf

RH R, O(z,y) cosf) —rsinf 20 4 rsin? 0
EE ARSI AR = . = T COoS rsm- U =r.
2%, M 9r,6) | sinf recosf

REPRZELSE Thus the area form is do A dy = rdr A d6.
R dA AR
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15.4 Applications of Double Integrals, page 1016

In this section we explore physical applications such as computing mass, electric charge, center

of mass, and moment of inertia. We will apply double integrals to probability density functions

of two random variables as well. kwIAnSYRO4g

SE— L f—
Density and Mass, page 1016 B RAHPERS
HIREFA. %18 —(

W, HAEE R

Consider a lamina with variable density. Suppose the lamina occupies a region D of the xy- NEEEE.
plane and its density (in units of mass per unit area) at a point (z,y) in D is given by p(z,y), mmEsmEms e

where p is a continuous function on D, then the total mass is Pl
HEE, RIKER
EER A

EiTR,
= 33t aa= f[ e

If an electric charge is distributed over a region D and the charge density (in units of charge
per unit area) is given by o(z,y) in D, then the total charge @ is

Qz//DU(w,y)dA

Example 1 (page 1017). Charge is distributed over the region D bounded by x = 1,y = 1, FlEREEHE
IR AN AR

and z +y = 1. The charge density at (z,y) is o(x,y) = xy, measured in coulombs per square MR

meter (C/m?). Find the total charge.

Solution.

Moments and Centers of Mass, page 1017

Suppose that the lamina occupies a region D and has density function p(z,y). The moment E|'E|

'*I BRor
of the entire lamina about the y-axis is E|.
PKxqglgoj30
M, = lim E:E:wzp (3, ¥i;) AA = wprJ dA. ERATEYE FHY
i=1 j=1 F—EERREE
FRAD B E
Similarly, the moment about the z-axis is 0, AR
B — 6 1) 2 2 JE,
H-EEER m
= OB B B B DAL
m%§w§:§:y” T A = .K/ypxy ' 18 0 B 4 —

i=1 1
I= B




eoxOt-aR75A

HEMEENSRE
— (B RE R
— g ERE, M
ER AL
BRI,

14 15.4  Applications of Double Integrals goo.gl/Y9wRAz

The center of mass (Z,y) of a lamina occupying the region D and having density function

p(z,y) are
M, 1 M, 1
j:—y:—// zp(z,y)dA and 172—:—// yp(z,y) dA,
m  mJ/p m-m.JJp

where the mass m is given by m = [ [, p(x,y) dA.

Example 2 (page 1018). The density at any point on a semicircular lamina with radius R
is proportional to the distance from the center of the circle. Find the center of mass of the

lamina.

Solution.

Moment of Inertia, page 1019

The moment of inertia (also called the second moment) of a particle of mass m about an axis
is defined to be mr2, where r is the distance from the particle to the axis. The moment of
inertia of the lamina about the x-axis is

. . *\2 * * . 2
I, = mlrllriloozz;(yu) P, yi; ) AA = //Dy p(z,y)dA.
=1 j=
Similarly the moment of inertia about the y-axis is
. . * \2 * * . 2
Iy = mlrlglooz;z:l(%]) p(xij, yij ) AA = //D"E pla,y) dA.
i=1 j=

It is also of interest to consider the moment of inertia about the origin, also called the polar
moment of inertia:

Ip= T > > ((@5)” + (v55)%) play, uiy) AA = //D(ﬂc2 +4%)p(x, y) dA.

i=1 j=1




15.4  Applications of Double Integrals goo.gl/Y9wRAz 15

Note that Iy = I, + I,,. The radius of gyration (GHIEPLLL) of a lamina about an axis is the
number R such that mR? = I, where m is the mass of the lamina and I is the moment of
inertia about the given axis. In particular, the radius of gyration y with respect to the z-axis
and the radius of gyration Z with respect to the y-axis are given by the equation my? = I,

and mz? = I,.
Example 3 (page 1020-1021).

(a) Find the moments of inertia I,I,, and Iy of a homogeneous disk D with density

p(z,y) = p, center the origin, and radius R.
(b) Find the radius of gyration about the z-axis of the disk D.

Solution.
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15.5 Surface Area, page 1026

jgcreEts tives. We assume that f(z,y) > 0 and the domain D of f is a rectangle. The idea is to

%M, M approximate the surface area by the “tangent plane areas.”

WU HERS R
HH I R &
— B SERT RN 2
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B B R
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KREEETAEN
o FAEERE
EHGER BRI
&, B—RIER
AR b A0 B
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YO AR R A AT
HIEZIRFITIE
o KEEPRL
AN GINER
HRAR, Bl
=AW

B T 2% TR B P
I (BRETH
ML T HERE
INEIEER) BEE
. HrERER
EAZATKNES
BRLEH R REE
Bl (R EHE LRI B £

B A8

(1) Divide D into small rectangles R;; with area AA = AzAy.

(2) If we choose (x;,y;), the corner of R;; closest to the origin, as a sample point, then the
tangent plane to S at Pj; = (4,9, f(x;,y;)) is an approximation to S near P;;. The area
AT;; of the part of this tangent plane that lies directly above R;; is an approximation
to the area AS;; of the part of S that lies directly above R;;.

ATy = |u; x vj| = [(Azi+ fo(xi, yi)Axk) x (Ayj+ fy(zi,y;) Ay k)|
= | = fo(ms, yi) AxAyi — fy(zs,yi) ArzAyj+ AzAy k]|

= \/1 + (fe(@i, )2 + (fy(mi,9:))2 AA.

arars

T Ay
Figure 1: The area of a parallelogram AT;; = |u; X vj|.

m n
(3) The sum ) ) ATj; is an approximation to the total area of S.
i=1j=1

(4) We define the surface area (HTEEE) of S to be

Area($) = lm 337 1+ (ol ) + (Fy(i, )2 AA.
i=1 j=
Theorem 1 (page 1027). The area of the surface with equation z = f(x,y), (x,y) € D, where

fz and f, are continuous, is

Area(S) = //D VI (Fal@,9)? + (fy(2,9))? dA.

L) EHAPFEHE (2, = f(2),a <z <bBMEAR: L= ff L4 (f'(z))? da.
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Example 2 (page 1027). Find the surface area of the part of the surface z = 22 + 2y that
lies above the triangular region T in the xy-plane with vertices (0,0), (1,0), and (1,1).

Solution.

Example 3 (page 1028). Find the area of the part of the sphere z2 + y? + 22 = 4 that lies
within the cylinder 22 4 y? = 2z.

Solution.
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15.6 Triple Integrals, page 1029

Goal: Define and compute triple integrals of f(x,y,z) over a bounded region.

We first deal with the case where f(z,y,z) is defined on a rectangular box:
B={(z,y,2)la<x<bec<y<dr<z<s}

(1) Divide the box B into Imn sub-boxes: Bjjr = [®i—1,%;] X [yj—1,Y;] X [2k—1,2k]. Each
B;ji, has area AV = AzAyAz.

(2) Choose a sample point (7., Y, #i;) in each Bijg.
I m n
(3) We get the triple Riemann sum (ZEZREH): 2:1 Zl kzl (@0 Viges 251 AV
i=1j=1k=

(4) Definition 1 (page 1030). The triple integral (ZEFE%S) of f over B is

l m n
/ / /B fla,y,2)dV SOSTS. F@h v Z) AV

i=1 j=1 k=1
if this limit exists.

= lim
l,m,n—o0

[ =BEEHE=E e kB SRR S ER (LRSI EEMH, BERFEG).
[ =S 8insm o —ERE AR BB LG (FRE) .

Just as for double integrals, the practical method for evaluating triple integrals is to

express them as iterated integrals as follows.

Fubini’s Theorem for Triple Integrals (page 1030). If f is continuous on the rectangular
box B = [a,b] X [c,d] X [r,s], then

///Bf(x’y’z)dvz/Ts/cd/abf(w,y,z)dxdydz.

Example 2 (page 1030). Evaluate the triple integral [[[ ryz2dV, where B = [0,1] x
[—1,2] x [0, 3].

Solution. Direct computation gives

3 02 ol 3,2 .2 39,2
2
///$yz2dV:// /$yz2d3:dydz:// ﬁdde:/ 3idz:—7.
B 0J-1Jo 0J-1 2 o 4 4

Now we define the triple integral over a general bounded region E (—fB & =EE
43) in three dimensional space (a solid). We enclosed E in a box B, and then define F(z,y, 2)
on B that it agrees with f(x,y,z) on E but is 0 in B that outside E. By definition,

///;;f($’y’z)dv:///BF(JS,y,z)dV.

This integral exists if f(z,y, z) is continuous and the boundary of E is “reasonably smooth.”
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Definition 3 (page 1031).

(a) Region FE is called type zif E = {(z,y, 2)|(z,y) € D,z1(y,2) < x < x2(y, z)}, where D
is the projection of F onto the yz-plane.

(b) Region E is called type y if E = {(z,y,2)|(z,y) € D,y1(z,2) <y < ya(x,2)}, where D
is the projection of F onto the xz-plane.

(c¢) Region E is called type zif E = {(z,y,2)|(z,y) € D, z1(x,y) < z < z3(z,y)}, where D
is the projection of F onto the xy-plane.

Now we will change triple integrals to iterated integrals.

B iris type z and D is type I, then

z=b ry=y2(x) rz=z2(z,y)
/// f(:c,y,z)dvz/ / / f(z,y,2)dzdy dz.
E z=a Jy=yi(z) Jz=z1(z,y)

< y
4\(0,0,1)
i z=1-xz—y (0, 1)
| y=1-=
y e — Y D
(0,1,0) T
/ (1,0,0) (1,0)

Figure 1: (a) Triple Integrals. (b) Solid £ in Example 4.

Example 4 (page 1032). Evaluate [[[;zdV, where E is the solid tetrahedron bounded by
the four planes xt =0,y =0,z =0, and x +y+ 2z = 1.

Solution.
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Example 5 (page 1032). Evaluate [[[. V224 22dV, where E is the region bounded by the
paraboloid y = 22 + 22 and the plane y = 4.

Solution.

Example 6 (page 1034). Rewrite the iterated integral fol f0m2 I f(z,y, z) dz dy dz in a different

order, integrating first with respect to x, then z, and then y.

Solution.

Applications of Triple Integrals, page 1034

If f(z,y,2z) =1, then the triple integral represents the volume: V(E) = /// 1dV.
E

Example 7 (page 1035). Use a triple integral to find the volume of the tetrahedron 7" bounded
by the plane x + 2y + 2 = 2,2 = 2y, = 0, and z = 0.

Solution.
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Definition 8 (page 1035-1036).

(a) If the density function of a solid object that occupies the region E is p(z,y, z) (in units '”"‘
xTka3zy]
of mass per unit volume), then its mass (H&) is
ZEBES M LIE

RHENRLE, 1
= /// (z,y,2)dV. HE HO. 65
EHESES.
(b) The moments (%) of region E about the three coordinate planes are

N@ﬁ:/XéxP@Jh@dm .M@=:/[éyp@4n@du
Mgy, = ///E zp(x,y,z)dV.

(c) The center of mass (Hi») is located at the point (Z,7, Z), where

M, M, y
M y - M :
m m

3

Tr =

3
|

(d) The moments of inertia (BEIIER) about the three coordinate axes are

I, = ///E(y2 + 22 p(x,y,2)dV, I, = ///E(:E2 + 22)p(z,y, z)dV,
L:=/]Z¥w2+y%p@n%z)dV

Definition 9 (page 1036). The total electric charge on a solid object occupying a region E
and having charge density o(z,y, z) is

Q:///Ea(:n,y,z)dV

Example 10 (page 1036). Find the center of mass of a solid of constant density that is
bounded by the parabolic cylinder = %2, and the planes = z,2 =0, and = = 1.

Solution.
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Appendix

B If £ is type z and D is type II, then

y=d rax=z2(y zzz(x,y
o= [0

B If £ is type y and D is type I (z = z(z)), then

x=b Z=Z2($) y=t2(9ﬂ72)
// f(ac,y,z)dVZ/ / f
E z=a Jz=z(z) Jy=y:(x,2)

B If £ is type y and D is type II (x = ;(2)), then
=s pr=x2(2) ry=y(z,2)
o= / A
z=x1(2) y1(z,2)
B If £ is type z and D is type I (z = z(y)), then
y=d pz=z(y) pr=wa(y,z)
Jferwvaa=] / .
z=z1(y) Jz=x1(y,2)
B If £ is type z and D is type II (y = yi(2)), then

// £ Jav — / /y y2(2) /:v =22(y,2)
(7,y,2
y1(z) Jr=z1(y,2)

flx,y,2)dzdxdy.

(z,y,2)dydzdz.

flz,y,z)dydxdz.

flz,y,z)dxdzdy.

f(z,y,2)dxdydz.
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15.7

Triple Integrals in Cylindrical Coordinates,

page 1040

Goal: Compute triple integrals in cylindrical coordinates.

Cylindrical Coordinates, page 1040

In the cylindrical coordinate system (FE44E3), a point P in three-dimensional space is rep-
resented by the ordered triple (r, 0, z), where r and 6 are polar coordinates of the projection

of P onto the zy-plane and z is the distance from P to the zy-plane.

z

Figure 1: Cylindrical coordinate system.

e Relation from cylindrical to rectangular: x = rcosf,y = rsinf, z = z.

e Relation from rectangular to cylindrical: r? = 22 4+ y2,tan = 4 z=z

Example 1 (page 1041).

(a) Find rectangular coordinates of the point with cylindrical coordinates (2, %ﬂ', 1).

(b) Find cylindrical coordinates of the point with rectangular coordinates (3,—3, —7).

Solution.

(a) Since z

(b) Since r

drical coordinates is

Sy = . the point is

in rectangular coordinates.

, one of cylin-

Jtanf =

, and another is . As with polar

coordinates, there are infinitely many choices.

Example 2 (page 1041). Describe the surface whose equation in cylindrical coordinates is

zZ=r.

Solution. Since 22 =12 = 22 + 42, it is a

whose axis is the z-axis.
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Evaluating Triple Integrals with Cylindrical Coordinates, page
1042

Suppose that F is a type z region whose projection D onto the zy-plane is conveniently
described in polar coordinates. Suppose that f(z,y, z) is continuous and

E = {(‘Tvyvz)’(x7y) S D7u1(x7y) Sz< u2(‘ray)}7

where D is given in polar coordinates by D = {(r,0)|a < 0 < 8,h1(0) < r < ho(6)}. We get
the formula for triple integration in cylindrical coordinates:

r=ho(0) rz=u2(rcosf,rsinh)
// flx,y,z)dV = // / f(rcosf,rsinf, z)rdzdrdf.
r=hy(0) Jz=

u (1 cos 0,r sin 0)

z

Figure 2: Cylindrical coordinate system.

Va—z2

Example 3. Evaluate A = / / / (2% + %) dz dy dz.
2+y

Va—z2

Solution.

Exercise (page 1044). Find the volume of the solid enclosed by the three cylinders 22+ y? =
Lz 4+ 22 =1, and y> + 22 = 1.

Solution. The volume is

We leave the calculation of this integral as an Exercise. (BEMESEEERNIAZL, Kl ENHE
RETEE 22 HNZEHER.)
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15.8 Triple Integrals in Spherical Coordinates,

page 1045

Goal: Define and compute triple integrals in spherical coordinates.

Spherical Coordinates, page 1045

The spherical coordinates (p, 0, ¢) (BR&HE) of a point P in space are shown in Figure 1, where
p = |OP)| is the distance from the origin to P, # is the same angle as in cylindrical coordinates,

and ¢ is the angle between the positive z-axis and the line segment OP. Note that we assume

p>0and 0 < ¢ <.

Figure 1: Spherical coordinate system.

O FRMEHSCCE G AR (B0 r T3 p) BEEAR (o WIEETE).

The spherical coordinate system is useful in problems where there is symmetry about a

point, and the origin is placed at this point. Figure 2 shows the surfaces of p = ¢,0 = ¢, and

¢ =c.

w“‘% )
<

z z
C
y R =Y
NN
x N
T T

N
N|

Figure 2: (a) p = ¢ is a sphere. (b) 6 = ¢ is a half-plane. (c) ¢ = ¢ is a half-cone.
Relations between rectangular coordinates and spherical coordinates are

x = psin¢cos b, y = psin ¢sinf, Z = pcos .

x2+y2
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Example 1 (page 1046). The point (2, 7, §) is given in spherical coordinates. Plot the point

and find its rectangular coordinates.

Solution.

Example 2 (page 1046). The point (0,24/3, —2) is given in rectangular coordinates. Find

spherical coordinates for this point.

Solution.

Evaluating Triple Integrals with Spherical Coordinates, page
1047

Consider the spherical wedge E = {(p,0,¢)|la < p < b,a <0 < fB,¢ < ¢ < d}, wherea >0
and 8 —a <27, and d — ¢ < 7.

(1) Divide E equally into E;;, by p = p;,0 = 0;, and ¢ = ¢y,.

(2) Ejji is approximately a rectangular box with dimensions Ap, p;A¢, and p; sin ¢, Af. So

an approximation to the volume of Ejj; is given by
AViji ~ (Ap)(piAd) (pi sin ¢ A0) = pf sin . ApAOAG.

In fact, by the Mean Value Theorem (see the Appendix), the volume of Ejjj is given
exactly by

AVije = pi sin gpApAOAS,

where ([)Z-,éj, 1) is some point in Eiji. Let (:E;fjk,y;‘jk, zl*jk) be the rectangular coordi-

nates of the sample point (p;, éj, <;~Sk)

(3) We get the Riemann sum
I m _ _ ~ ~ ~
Z Z f(pisin ¢y, cos 0, p; sin ¢y, sin 0, p; cos %)ﬁ? sin o ApAHAQP.

(4) When I,m,n — oo, we get the formula for triple integration in spherical coordinates:

///Efdvz/cd/j/abf(PSin(bCOS9,psin¢sin9,pcos¢)p2sin(bdpdedqs,
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x
Figure 3: Volume element of the spherical coordinate system.

This formula can be extended to include more general spherical regions such as F =
{(p,0,0)a <0< B,c<od<d,g1(0,0) <p<ga(f,p)}, and in this case the triple integration
will be

d B rg200,9)
// fdV = / / / f(psingcos b, psin ¢sin b, p cos ¢)p? sin ¢ dp df dep.
E c Ja Jg1(0,0)

Example 3 (page 1048). Evaluate /// @ ¥ +2))2 Qv where B is the unit ball: B =
B
{(@.y,2)[a? + 92 + 22 < 1}.

Solution.

Example 4 (page 1048). Use spherical coordinates to find the volume of the solid that lies
above the cone z = /22 + y2 and below the sphere 22 + y? + 2% = 2.

Solution.
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Appendix (Proof of the following statement)

EEEE  “For all spherical wedge E, there exists (p, 0,¢) in E so that AV = p2sin pApAIAH.”

(= Z Z
N10aKYBkSgs
2 2 2
R R rt2=a
TR ERS 2 B r
THE, HSE ) E
B R 1

78 D 5 7 7E — g/ a 02

1 A 2 20 Y
5 % 7 DL R zl
P2 sin pApAIAP,
SRR ERNAR
B R e
AR,

P2

Figure 4: Volume element of the spherical coordinate system.

(a) Show that “the volume of the solid bounded above by the sphere 12+ 2% = a? and below
by the cone z = rcot ¢9,0 < ¢g < 5, and 01 < 0 < o, is V = %(1 — cos ¢), where
AfO = 05 — 61”. Using the cylindrical coordinates,

6> prasin oo Vaz=r? a sin ¢g
:/ / / rdzdrd@:AH/ (r a2—7‘2—7‘200t<;50)dr
6, JO T cot ¢o

= % [_(az —7‘2)2 -7 cotgbo] rasin o

= 20 (@ — 2 sin? 60)? +a® — a sin® g cot o)
5 3
_a ?’AH (1 — cos® ¢y — sin? ¢ cos ¢0) _¢ ?9(1 — €os ¢y).

(b) Show that the volume of the spherical wedge given by p; < p < p2,01 <0 < 6,01 <
¢ < ¢ is AV = (p2 p3)(cos g1 — cos ¢2). Denote V;; by the volume of the region
bounded by the Sphere of radius p; and the cone with angle ¢;, and 6 from 6; to 6s.

Then we have

V = (Vag — Va1) — (Via — Vi)

= 2P (530~ cos 62) — pb(1 — cos 1) — (1 — cosa) + g1~ cos)
Af
= ?(pg — p:{’)(cos ¢1 — oS ¢2).

(c) By the Mean Value Theorem with f(p) = p3, there exists some p € (p1,p2) such that
flp2) = f(p1) = F(p)(p2 — p1) = p3 — pi = 3p°Ap. Similarly, for g(¢) = cos ¢, there
exists ¢ € (41, ¢2) such that g(d2) —g(d1) = ¢'(¢)(¢2—p1) = cos ¢1 —cos ¢ = sin A
Hence for each spherical wedge E, there exists (p, 9~, <;~5) in F such that

AVijp = p? sin o ApAGAH.
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15.9 Change Variables in Multiple Integrals,
page 1052

Goal: Find relations of change of variable in double and triple integrals.
Recall that

(1) For a function of one variable f(z), we have the Substitution Rule:

b d
/ f()da = / F () () du,
(¢),b=x(d).

where z = z(u) and a = x

(2) In section 15.4, we get the formula of double integrals in polar coordinates. Suppose

that © = rcos@, y = rsinf, then

//Rf(x7y)dA://Sf(TCOSH,TSine)TdeQ,

where S is the region in the rf-plane that corresponds to the region R in the zy-plane.

More generally, we consider a change of variables that is given by a C! and one-to-one
transformation T form the uv-plane to the xy-plane (—R{REHGEF H—H —HYLEEHA):
T(u7 ,U) = (;U? y)7
where x and y are related to u and v by the equations
7.l %= x(u,v) 1. ) U= u(zx,y)
y = y(u,v), v=v(z,y).
v )
T
e
T—l
P
U T

Figure 1: Transformation T and inverse transformation 7'~

Definition 1 (page 1053).

(a) The terminology C' means that x(u,v) and y(u,v) have continuous first-order partial

derivatives.
(b) If T(uy,v1) = (z1,y1), then (z1,y1) is called the image of (uy,vy).
(c) T is called one-to-one if no two points have the same image.

(d) T transforms S into a region R in the xy-plane called the image of S, consisting of the

images of all points in S.
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Example 2. Observe ff f(z)dz = li_)m > f(z7)Az = Area of the region under f(x).
nTre0i=1

Solution. Suppose that f(z) € C'([a,b]), which implies |f'(z)| < M. Let Az = b_T“, then

dx—Zf )Ax <Z max}f(a;)—[mln]f()Aa;
_ )2
<Z‘f &) (Az)? MZb a)” = 'Lna) — 0 as n — oo.

So for integration, before we take summation, the l part is the whole material. We can ignore

higher order term such as .5 L because it tends to zero after summation and n tends to infinity.

Now we will see how a change of variables affects a double integral. We start with a small
rectangle S in the uv-plane whose lower corner is the point (ug,vo) and whose dimensions are

Au and Av. The image of S is a region R in the zy-plane, one of whose boundary points

v Y
u = UQ Q\
S
v="
(ug,v0) Au ’ (%0, 0) 2(a, %)
u xXr

Figure 2: Transformation 7" from a rectangle S to a region R.

T'(ug,vp). The vector r(u,v) = x(u,v)i+ y(u,v)j is the position vector of the

is (z0,Y0) =
image of the point (u,v). The equation of the lower side of S is v = vy, whose image curve is

given by the vector function r(u,vg). The tangent vector at (xg,yo) to this image curve is

r, = $u(u07 UO) i+ yu(u07 UO)j

Similarly, the tangent vector at (xg,yg) to the image curve of the left side of S (namely,

u=1up) is
ry = Ty (o, Vo) 1+ Yo (uo, vo) j

We can approximate the image region R = T'(S) by a parallelogram determined by the secant

vectors

a =r(ug + Au,vy) — r(ug, vo) and b = r(ug, vo + Av) — r(ug, vo).
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Since

. r(ug + Au,vg) — r(ug, vo)
r, = lim
Au—0 Au

and so
r(up + Au,vo) — r(ug,v9) =~ Aur,, and r(ug,vg + Av) — r(ug, vg) = Avr,.

This means that we can approximate R by a parallelogram determined by the vectors Aur,

and Awr,. Therefore we can approximate the area of R by the area of this parallelogram

Oz Oz
|(Au)r,, X (Av)ry| = |ry X ry| AulAv = ' % % AuAv.
ou  Ov

Definition 3 (page 1055). The Jacobian of the transformation T' given by = = g(u,v) and ¥ s 8% F i
TR E M
BtR, MR
(Jacobi) iEfEFF

y = h(u,v) is

Ox.y) _| 5o G |_0xdy Oxdy Bk, SR
Ou,v) | 2 W Judv v du’ ;@iﬁfgagfg
24 17

Fixe ERERME
AuAv, where the Jacobian is evaluated at #WHVEBILHK dA

With this notation we can get AA =~ ‘8(”/)

v RV B,
(uo, vo)- A T S
For the general region S in the uv-plane we divide S into rectangles S;; and call their 17550 & i@ %

images in the xy-plane R;;. Applying the approximation to each R;;, we approximate the (B

double integral of f over R as follows:

//Rf (r.y)dAd = lim 37 flrim)AA

i=1 j=1
— lim izn: F (s, v5), y (s, ) | 2EY) AuAv +H.O.T.
m,n— 00 == ’ ’ ’ a(u, ’U) (s ;)

dudv.

o))

B //Sf(:”(“’v),y(u,v)) ‘ Oz, y)

(u,v)

Change to Variables in a Double Integral (page 1056). Suppose that T is a C' trans- sE@ussemen
THERES HEE
B, mHAER
R in the xy-plane. Suppose that f is continuous on R and that R and S are type I or type Il » FEHEEER
3, B EEn
B — R AR %5 =
5 BB EHETT

//R f(z,y)dA = //S f(x(u,v),y(u,v)) ‘ gEZ:Z;‘ du dv. B,

formation whose Jacobian is nonzero and that maps a region S in the uv-plane onto a region

plane regions. Suppose also that T is one-to-one, except perhaps on the boundary of S. Then
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#5E Example 4 (page 1058). Evaluate the integral [, ey dA, where R is the trapezoidal region
E with vertices (1,0),(2,0),(0,—2), and (0, —1).

vcBn8JNspDQ

Solution.

EEREEEERE
B oy B
HOR b= T,
FTARGE x +y
B TE B — (T Y
Bl —y BRE
RA— A, =
YEHEBEBHERZ
TREREGRER
e B—FHE, ¥
AR ES R
FAERZ TR
%o TEEMESHIRE
1%, BT REER
S A, 5
BT AT
TREHEER -,

R AR a2
HI— R IR Mo A
BRI, il
THREER A
B, FEEFHEMER
o

Example 5. Evaluate ff:v2+xy+y2<1 e~ @ +ay+y?) 4.

XdSJImjKNZ6o SOlut lon.

BB —(H
RHIBE, SEAA
AR T LIR R A
s A
E R BT S
WEEES, &
EFERS, B
HERAF, R
ERELBRSNE
B, = ARRER
SHE, TEBIER
R,
ERUE S,
T
e, SEREEOE
EEERER (&
M), R
e Y ol
%, SR E
AT,
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Triple Integrals, page 1059

The Jacobian of the transformation 7" is the following 3 x 3 determinant:

ox 9z o
ou Ov Ow
Oy2) 1oy oy o
O(u,v,w) | v 3o oY
ou Ov Ow

We have the following formula for triple integrals:

J[ s@aav= [[ f<:c<u,v,w>,y<u,v,w>,z<u,v,w>>'%

Example 6. Elliptic cylindrical coordinate system is
T = arcosf, y = brsin#, Z=cz,

where a,b,c > 0 are constants. The volume element is

Example 7. Ellipsoidal coordinate system is

T = apsin ¢ cos b, y = bpsin ¢sin b, zZ = ¢pcos ¢,

where a,b,c > 0 are constants. The volume element is

JiEJcFt82X0

E2AREIRVS oy
BELR e 35
HEATHERE, Bt
ERFIH =8RSS
HY AR B A Y
A, HRERER
R R A i
B —RAR T
T2 B 9 A [ Ry 2k
TEo MRZHIFTE
A AL AR B ER AL R
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FEF BRE (R s
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1, HATLMEZ
B2 BB A FR R,
HRSBEBEH
RHVEE, PRA
T A AR A Bk
R,

% B 9 R IR 1%
SR AR —EE
BhE I R R R
TH, MaRERK
33 EIIVECE 27 i
HTEM, BERH
s, #ELS T
EREERM T
B,



