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Chapter 2 Limits and Derivatives

2.1 The Tangent and Velocity Problem, page 78

Question 1. What will we learn in the Calculus course?

cRZjFuNIsKs

The tangent problem, page 78

Example 2. Plot the parabola f(x) = z2. Observe all secant lines (F/#%) passing through
the point P(1, f(1)) and Qa.(1 + Az, f(1 + Ax)), where Az # 0 is a number close to 0.

Y

1
Figure 1: The parabola f(z) = 2? and secant lines passing through P(1,1).

Solution. We can compute the slope of secant line Lpg,, to get

MPQa. =

So the equation of secant line Lpg,, is . When Az is close to 0,

the slope mpq,, is close to 2. That means the family of secant lines Lpg,, is close to the
line y — 1 = 2(x — 1), which passes through P(1, (1)) and the slope is 2.
We call y — 1 = 2(z — 1) the tangent line (YI§}) of f(z) = 2 at = = 1.
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The velocity problem, page 80
[ e BRI BT ENBR, S8k BN R R,
[ Bk F BRI, MRk R TUBKk LBk B RSBk (KRB,

Example 3. Suppose that a ball is dropped from the upper observation deck of Taipei 101.
Find the velocity of the ball after 5 seconds.

Solution. If the distance fallen after ¢ seconds is denoted by s(¢) and measured in meters,

then Galileo’s law is expressed by the equation
1 2 2
s(t) =598 1% = 4.9¢%.

We can approximate the velocity at instant time ¢ = 5 by computing the average velocity over

the brief time interval

change in position  s(5+107") — 5(5)

average velocity =

time elapsed ~ (54+107") -5
49 ((5+107)2—5%)  4.9-(5+107"+5)(5+ 107" — 5)
N 10—" N 10—"

—4.9-(104107") =494+ 4.9-107".

That is,
Time interval Average velocity (m/s)
5<t<51 49.49
5 <t<5.01 49.049
5 <t <5.001 49.0049

5 <t <5.0001 49.00049
5 <t <5.00001 49.000049

It appears that as we shorten the time period, the average velocity is becoming closer to
49m/s. The instantaneous velocity (BRFHE) when ¢ = 5 is defined to be the limiting value
of these average velocities over shorter an shorter time periods that start at ¢ = 5. Thus the

instantaneous velocity after 5 second is v = 49m/s.

Remark 4. Time periods 107" we choose in Example 3 are just some samples. In general,
we can use At to represent any time interval and do the same calculation to get the average
velocity form 5 to 5+ At is 4.9 - (10 + At). The average velocity is becoming closer to 49 m/s

as well when we shorten the time period.
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2.2 The Limit of a Function, page 83
(One sided) Limit

Definition 1 (page 88). We write %ﬁlﬂ
Sl

qI62ZLkjJq1U

lim f(x)=1L

T—a~

and say the left-hand limit of f(x) as x approaches a (or the limit of f(x) as x approaches a
from the left) (ZERBFR) is equal to L if we can make the values of f(z) arbitrarily close to L
by taking x to be sufficiently close to a and z less than a.

Similarly, if we require that = be greater than a, we get “the right-hand limit of f(x) as
x approaches a (FRBIR) is equal to L” and we write lim f(z) = L.

r—at

Ul 505 2 — a7 REREE © < a BES; T “c — ot REE = > a 5D

Y Y

Figure 1: Left-hand limit and right-hand limit.

Definition 2 (The limit of a function, page 83). Suppose f(z) is defined when z is near the
number a. Then we write lim f(z) = L if we can make the value of f(x) arbitrarily close to
Tr—a

L by taking z to be sufficiently close to a but not equal to a.
U &R “lim f(x)=L" BIFREELM “f(z) > Lasz — a’
[ &R lim f() K, NBUE f(a) (TEEL
O s lim [(z) BRIERFE v = o [HEE] B91TR.

Y

Figure 2: Limit of a function.

O lim f(z) = L #HMEF (if and only if) lim f(z) =L H lim f(x) = L.

rT—a r—a
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Example 3. Find the limit of the Heaviside function at = = 0.

Y

NaXDbWd6d0k

\r Xz

Figure 3: The Heaviside function H(z).

Solution. lim H(z) = ; lim H(z) = ; lim H(x)

z—0~ rz—0t z—0

Example 4. The graph of a function f(x) is shown in Figure 4. Use it to state the values (if
they exist) of the following:

S

2k $---
L T —" —
: : i .
1 2 3
Figure 4: The graph of f(x).
(o) lim f() (b1) tim f(x) (c1) lim f(a) (@ 71
(12) lim f() (02) lim f(x) (c2) lim f(2) (@2) 12)
(a3) lim f(z) (b3) lim f(z) (c3) lim f(x) (d3) f(3)
Example 5. Observe the function f(z) = % and guess the value of ilg% %
Yy
! Fa) = s

> z
~_" TN~ 2T

Figure 5: The graph of f(x) = %
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Example 6. Guess the limit lim sin (1) and lim z sin (1)
z—0 z—0

Yy ) =sin () y

/\ i/

Figure 6: The graph of f(x) = sm( ) and g(x) = :Bsm(

8|~
\/

U SEEGIREES T e 2

Infinite Limits
Definition 7 (page 89). Let f be a function defined on both sides of a, except possibly at a
itself. Then

lim f(z) =

r—a

means that the values of f(z) can be made arbitrarily large (as large as we please) by taking

x sufficiently close to a, but not equal to a.

Definition 8 (page 94). Let f be a function defined on both sides of a, except possibly at a
itself. Then liin f(z) = —oco means that the values of f(z) can be made arbitrarily negative
r—a

by taking x sufficiently close to a, but not equal to a.

Figure 7: Infinite limit lim f(z) = oo and lim f(x) = —oc.

rT—ra Tr—ra

L] #EpR in_rr)}lf(x) = oo HATLAERK “f(z) — o0 as ¢ — a.”
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Similar definition can be given for the one-sided infinite limits:

lim f(z) =00 lim f(z)=00 lim f(z)=-0c0 lim f(z)= —o0.

T—a~ z—at T—a~ z—at

Definition 9 (page 90). The line z = a is called a wvertical asymptote (FEEFIHR) of the

curve y = f(x) if at least one of the following statement is true:

ilgb f(z) =00 lim f(z) = o0 lim f(z) =00
ilg}tf(w) = —00 lim f(z) = —o0 lim_ f(z) = —o0.

Example 10.

a) f(z) = tanz has vertical asymptotes

b) f(x) = secx has vertical asymptotes

f
¢) f(z) =1 has a vertical asymptote
f

d)

() = Inx has a vertical asymptote
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2.3 Calculating Limits Using the Limit Laws, page

95
. . L : S

Theorem 1. If ;1_1()1}1 f(z) exists, then it is unique. g@ .
Theorem 2 (Limit laws, page 95). Suppose that c is a constant and the limits h_H)l f(x) and Ei-.-,ﬁ.
liLn g(x) exist. Then rreo

(1) lim (f(z) + g(x)) = lim F() + lim g(z). (Sum Law)

(2) hm( (x) —g(x)) = li]_q>1 flz) — liin g(x). (Difference Law)

(3) hi)n(cf( x))=c li_r>n f(z). (Constant Multiple Law)

(4) hgl(f( x)g(zx)) = liin f(z)- lim g(x) (Product Law)

5) lim 1@ = 22577 ) 0 tient T,

()zﬂm—wzflmg()# . (Quotient Law)

The followings are some special limits:

(6) ilg(ll(f(:n))" = (s}:ll)rtlz f(a:))n where n € N. (Power Law)

(7) }:E)Illlc =c.

(8) ilg}lw =a.

9) liLn 2" = a" where n € N.
(10) hi)n x = /a where n € N. (If n is even, we assume a > 0.)

(11) lim Y f(z) = /lim f(z) where n € N. (If n is even, we assume il_r)r}lf(x) >0.)
U 6EFEHRT, HERE “FTE R R &AL

Uk 3t 7 iR AR s B (AR

O mRpARES AR [EIRE] fERE (BERREWE).

Example 3. Find the limit hm =L (H#£ Section 2.1, Example 1.)

Solution. Let z = 1 + Az, then x — 1 is equivalent to Az — 0, and

jbykJéniFnc

Solution 2.

O figs—, RSSO, 0k, ERNHECEEEE%, BREREH,
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Vit2+9-3

Example 4. Find the limit lim =3
t—0

Solution.

L] BRURSER, BRI AZAR: (a+b)(a—b) =a® —b%

Example 5. Prove that lim 12 does not exist.
z—0 ¥

Le¥e0g0pVgy Solution.

L] EEBIBEHE, WLAEIF RS AR R SR,

Theorem 6 (page 101). If f(x) < g(z) when x is near a (except possibly at a) and the limits

of f and g both exist as x approaches a, then

UvarpOVMFOY

lim f(z) < lim g(x).

O EHEABEEEGR f(z) < g(z), BEREDS MNAER] lim f(z) < lim g(z).
[ @R, o o
Theorem 7 (The Squeeze Theorem (RIEEH; =ZFHIREH), page 101). If

(1) f(z) < g(z) < h(z) when = is near a (except possibly at a), and

(2) lim f(z) = lim h(z) = L,

then lim g(x) = L.
T—a

Figure 1: The Squeeze Theorem.

[ o i B A R e A R B B
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Example 8. Show that lim x sin % = 0.

z—0
Solution.
Example 9. Show that lim $12 = ], ElRE
z—0 T |
Solution (page 192). Assume first that x lies between 0 and 7. Figure 2 shows a sector of a WE ez
circle with center O, central angle z, and radius 1.
O
Figure 2: A sector of a circle with center O, central angle =, and radius 1.
Since “area of AOAB” < “area of sector OAB” < “area of AOAC”, we have
If -5 <2 <0, since sinx, z,tan z are odd functions, we get tanz < x < sinz < 0, then
O) BFUCERITE: lim 500 = 1, A% o - BEREHT, FiLl lm S22 =
[ el T
O EEEEREE o 4 [z = 0) FHEREE
Example 10. Find the limit lim 1‘;# E¥3E
z—0 [ ]
2 Ch

Solution. By the half-angle formula: sin® g = , we get FDaBAVS0LA
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x3 sin(l)
z

sin(z?) °

Example 11. Find the following limits: lim0
xr—r

Solution.

Solution 2.

Example 12. Is there a number a such that

! . 32’ 4+ar+a+3
lim 3
VnFcngyxWXg T——2 X + Xr — 2

exists? If so, find the value of a and the value of the limit.

Solution.

EgeE  Example 13 (RIBEEEAER).

o

(a) Show that: If |f(x)| < |g(z)| and h_H)l lg(z)| = 0, then h_H)l f(z)=0.

zx4Mey6vKEg

(b) Show that lim sinz = 0.

z—0

(¢) Show that lim cosz = cosa and lim sinz = sina for a € R.
r—a T—a

Solution.

Question 14. How do we show that the limit lim f(x) does not exist?
Tr—a
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2.4 The Precise Definition of a Limit, page 104

Definition 1 (e-§ language, page 106). Let f be a function defined on some open interval Fﬁljﬁﬁl
that contains the number a, except possibly at a itself. Then we say that the limit of f(x) as [

x approaches a is L, and we write 1gallkYIM-5

lim f(z) =L

T—a

if for every number € > 0 there is a number § > 0 such that

if 0<|r—a|<d then |f(x)—L|<e.

Figure 1: Limit of f(x) as z approaches a is L.

U HRREEZE R BB,

0] & BEEAER TRt BIR], SR BB BRI EE.,

U s@aprss: v R for all; 3 R existo M such that 22 F@E LS s.t.

(] $EFC@ s, MR EE T B o

Example 2. Prove that liml(2x +3)=5.
z—

Solution.
S5TfkXX1np8k

e Observation: We calculate |(2z + 3) — 5| = |2z — 2| = 2|z — 1|. We want to find § > 0
such that
if 0<|z—1]<46, then 2lz—-1]<e.

That is, if 0<|z—1] <4, then \x—1]<%.

This suggests that we can choose d = 5. (or smaller)

e Proof:




Sy

Ci o5

0S-3Kd_kV78

BZNKwxGoyyg
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Example 3. Prove that lim 2% = 9.
z—3
Solution.

e Observation: We calculate |22 — 9] = |z + 3||z — 3| < e. We want to find § > 0 such
that

if 0<|z—3|<d, then |z+3|z—3|<e.
Notice that if we can find a positive constant M such that |z + 3| < M, then |z + 3||z —
3| < M|z — 3|, and then we can make M|z — 3| < ¢ by taking |z — 3| < 7 = .
Since we are interested only in values of z that close to 3, it is reasonable to assume

|x — 3] < 1, then |z 4+ 3| < 7, s0 M = 7 is a choice.

e Proof:

L fEE/7 EX G HEE Proof MFFE RN,

Example 4. Prove the Limit Sum Law: Suppose that the limits lil)rn f(x) and lii)n g(x) exist.
Then lim (f(z) + g(x)) = lim f(z) + lim g(z).

Proof. For all € > 0, since

Question 5. How do we show that the limit lim f(z) does not exist?
r—a

Solution. FWERAFERIH P —HRKEE: BRBREFE, LR lim f(r) = L, AEREEH

[fEfRIE] L € R MEEETE, REEETEFER? ZHRESR, LHEFEH “there exists € > 0,
for all § > 0, there exists 0 < |2/ —a| < s.t. [f(2') — L| > &7

Solution 2. KRR EELME—, FTLARIRAREE: HRERaERE [MEES ), HERETH,
JEREEIRRA A,
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Example 6. The Dirichlet function is defined by

o) = { 0 if z is rational PjVSOSSDkE

1 if z is irrational.
Prove that lim f(x) does not exist for every a € R.
T—a

Solution. Suppose lim f(x) = L. Notice that both rational numbers and irrational numbers
Tr—a

are dense in real numbers.
1
If L >3,

If L <3,

0] Mg EREEH Dirichlet BEIHIER

Example 7 ([F25E B @] E—EE@EFIF). The Riemann function is defined by

q
0 if z is irrational.

1 . p _ . .
= ifx =2 (p,q) =1 is rational
Then the limit of f(x) exists as x approaches to any irrational number.
Definition 8 (Definition of left-hand limit, page 109).
lim f(x)=1L
Tr—a~
if for every number € > 0 there is a number § > 0 such that
if a—d<z<a then |[f(z)—L|<e.
Definition 9 (Definition of right-hand limit, page 109).
lim f(z)=1L
x—at

if for every number € > 0 there is a number § > 0 such that

if a<z<a+d then |f(x)—L|<e.
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Definition 10 (page 112). Let f be a function defined on some open interval that contains

the number a, except possibly at a itself. Then
8IpPDC-7-QY

lim f(z) = o0
r—a

means that for every number M there is a number § > 0 such that
if 0<|r—al<é then f(x)> M.

[ mRARES: o

Example 11. Prove that lim 1= 0.
z—0 %

Solution.

e Observation: Let M be a given positive number. We want to find a number § > 0 such
that if 0 < x| < 6, then & > M. Notice that

1 1 1
> Mer<—olr < —.
1

This suggests us to choose § = (or smaller).

=

e Proof:

Definition 12 (page 112). Let f be a function defined on some open interval that contains

the number a, except possibly at a itself. Then
lim f(z) = —o0
r—a

means that for every number N there is a number § > 0 such that

if 0<|z—al]<d then f(z)<N.
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2.5 Continuity, page 114

Definition 1 (continuous at a point, page 114). A function f(z) is continuous at x = a (£ g‘g&%
v = o PLEE) if S
TDC_ydWmW2U
lim f(z) = f(a).
r—a

We say that f(x) is discontinuous at x = a (or f(x) has a discontinuity at z = a) (fE z = a
JEANEAE) if f(x) is not continuous at a.

Figure 1: f(x) is continuous at x = a.

U W8 f(z) 5 o = o BEELEREUT ZHE:
(1) f(z) & x=a BEX, A f(a) F1E
(2) TR lim f(x) F1E, BIABR lim f(r) & xlin;+ f(x) FEEEHES,

T—a~

(3) lim f(z) = f(a); MRRIEZHEBIL,

r—a

U] S s 55— B [HRR ] B N i, A lim f(z) = f(lim z) = f(a)o

T—a
There are three types of discontinuity:

(1) removable discontinuity (FIFSNEAEEL): We can “redefine” the value of the function

f(x) at = a such that f(x) is continuous at = = a.
(2) infinite discontinuity (EFRAEHAEER).

(3) jump discontinuity (BREEAEAEERE).

Y Y )

Figure 2: Three types of discontinuity.
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e_nCpMI (a) A function f(x) is continuous from the right at x = a if lim+ f(z) = f(a).
TrT—a

(b) A function f(x) is continuous from the left at x = a if lim f(x) = f(a).

r—a~

Figure 3: f(x) is continuous (a) from the right; (b) from the left; (¢) at endpoints.

Example 3. Discuss the continuity of the following functions:

r2—x—2 - e SR
f(;p):m, g(x):{ﬁ if z # 2 , h(:p):{ = fr#2

Tz —2 1 if v =2,

Solution.

i

Example 4 ([F2%EG 8 @] 8—EE[@FIF). The Riemann function is defined by

1 ) 1 .
f(x):{ ; ifz="1r(p,q)=1Iisrational .

0 if z is irrational

Then the Riemann function is continuous at irrational numbers.

Definition 5 (continuous on an interval, page 117). A function f(z) is continuous on an
interval (FEI&[H L 3#4E) if it is continuous at every point in the interval. If f(z) is defined only

TQUBUSIDIL o) one side of an endpoint of the interval, we understand continuous at the endpoint to mean

continuous from the right or continuous from the left.
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Theorem 6 (properties of continuous functions, page 117). If f(x) and g(x) are continuous
at x = a, and c is a constant, then the following functions are also continuous x = a:

(1) (f £ 9)(x) = f(x) + g(=)
(2) cf(), cg(x)

(3) f(@)g(x)

(4) L8 if g(a) # 0.

Proof of (1). Since f(x) and g(z) are continuous at z = a, we have

Therefore

U S AE S R s (BRI SR E ),

Theorem 7 (page 120). The following type of functions are continuous at every number in
their domains:

polynomials rational functions root functions

trigonometric functions inverse trigonometric functions exponential functions

logarithmic functions

Theorem 8 (page 120). If f is continuous at b and liin g(x) = b, then liin flg(z)) = f(b). ExgE
In other words, 1—‘

wOGAeTORjig

lim f(g(x)) = f(lim g(x)) = F(b).

Example 9. Evaluate lim sin! (%)

rx—1
Solution.

Theorem 10 (page 121). If g is continuous at a and f is continuous at g(a), then the
composition function f o g given by (f o g)(z) = f(g(x)) is continuous at a.

Proof. The function g(z) is continuous at z = a implies

[ S s S & B B EAE,




-:_-. Theorem 11 (The Intermediate Value Theorem, HFE{EEHE, page 122). Suppose that f(z)
: is continuous on the closed interval a,b] and let N be any number between f(a) and f(b),
where f(a) # f(b). Then there exists a number c in (a,b) such that f(c) =

U_t04EB72dU

TnfPoNf jTeY
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Figure 4: The Intermediate Value Theorem.

[ “f(z) is continuous” ELEH,
[] “closed” interval [a,b] ELEH],
L) B S A —,

Applications of Intermediate Value Theorem

[ #hiR 2

O BRIl FIRE RS

[ PR 2 o 7 g S B B (B — %
L] eozEss

Example 12. Suppose f is a continuous function on [a,b] and a < f(z) < b for all = € [a, b].

Show that there exists ¢ € [a, b] such that f(c) =

Solution.




2.6 Limits at Infinity: Horizontal Asymptotes goo.gl/NHp2Wm 19

2.6 Limits at Infinity: Horizontal Asymptotes, page

126
Definition 1 (page 127-128). Let f be a function defined on real numbers. Db L]
[=
(a) li_>m f(z) = L means that the values of f(x) can be made arbitrarily close to L by rasee-1acy

taking z sufficiently large (HEE3ER MR ).

(b) lim f(x) = L means that the value of f(z) can be made arbitrarily close to L by

T——00

taking x sufficiently large negative. (8 #EE53EEZHRIR)
0] R lim f(z) =L HHE—EREERS “f(x) > Lasx — o0
L] R Egl f(z) = LBE—EREER “f(z) > Lasz — —o0”

Definition 2 (page 128). The line y = L is called a horizontal asymptote (KFWHEKR) of the
curve y = f(x) if either

lim f(z)=L or lim f(z)=L.

T—00 Tr——00

Figure 1: Limit lim f(x) =L, lim f(z) = L, and horizontal asymptotes.

T—00 T——00

O &M EEEIR, A RKKSEATEIR. Fan: o

Theorem 3 (page 129).

(a) Ifr >0 is a rational number, then lim L = 0.
T—00

(b) If r > 0 is a rational number such that x" is defined for all x, then lim % =0.

T—r—00

: 3r%—x—2
Example 4. Evaluate xh_)H;O S Ew

Solution.
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[ % P(2),Q(z) BRZER, HELMRESFE a, & by, A

if
im 2 _ if
3% Q(2) .

Example 5. Evaluate lim (2% + 37 + 57)7.
T—r00

wprozynicg Solution.

L) BEBEH a1, a0,...an, B lim ((a1)* + (a2)® + - + (an)®)

1
r =
T—00

Example 6. Find the following limit:

i i 1 1
(a) lim ST (b) lim e (c¢) lim zsin — (d) lim zsin—.
z—0 X r—oo I x—0 x T—00 €T
Solution.
(a) lim0 S — | (See section 2.3 Example 9.)
T—

L SEEpEIRERY e

Example 7. Evaluate the limit wh_}n(}o %“"jjg’ sin %

oy .
gvcC5ZBEBHS Solution.
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Example 8. Let lim (1 + %)x =e. Find lim (1 + %)x

T—00 T——00

Solution.

Example 9. Find the limit lim (cos/z).
z—0t

Solution.

[ ersgrsme s g uime .

Example 10. Let f(z) = V22 4+ 2. Compute the following limits: %@3
A= lim @ e
(a) - xg{olo Tz Q4XK7ih7RQs

(b) lim (f(z) — Az).

Solution.

U SEEMmesmifTR, F—ERHFE [RWNLRl. FIEERN SR 2 -2 = 1
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IEITE'%"EI Example 11. Suppose «, 3 are two constants and lim (V% 4+ 3x +2 — ax — 3) = 0. Find

T—r—00
&= o and S.
fy4_4G-WAbw

Solution.

[ 38 v — —co WEMREEERA/ING © Z/NREIH,
[ EMESEERE « — —oo BHIREHEEATES, T LI R BB

Infinite Limits at Infinity, Precise Definition

Definition 12 (page 134-137).

(a) Let f be a function defined on some interval (a,c0). Then li_>m f(x) = L means that

for every € > 0 there is a corresponding number N such that

if x> N then |[f(x)—L|<e.

(b) Let f be a function defined on some interval (—oo,a). Then ligl f(z) = L means

that for every ¢ > 0 there is a corresponding number N such that

if <N then |f(z)—L|<e.

(c) Let f be a function defined on some interval (a,00). Then lim f(z) = co means that
T—r00
for every positive number M there is a corresponding positive number N such that if
x > N, then f(z) > M.
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2.7 Derivatives and Rates of Change, page 140

Definition 1 (page 141). The tangent line (YI##) to the curve y = f(z) at the point P(a, f(a))
is the line through P with slope (#}28)

m— lim L@ =S@) _flath) = fla)
- B h

T—a Tr—a h—0

-evUkuaTh74

provided that this limit exists.

I
I
I

a

Figure 1: Tangent line is the limiting position of the secant line (FI#R).

U Ui e 0

Example 2. Find an equation of the tangent line to the hyperbola y = % at the point (1,1).

Solution. Let f(z) = 1. Then the slope of the tangent at (1,1) is

Therefore, an equation of the tangent at the point (1,1) is

Definition 3 (page 143). If f(z) is the position function, then the average velocity (F¥:&
FE) is

YVo7X6gl441
displacement  f(a +h) — f(a)
time N h

average velocity = ,

and the velocity (or instantaneous velocity, BERSEE) v(a) at time ¢t = a be the limit of these

average velocities:

o(0) = im FOTN =@

[ The speed (EZE) of the particle is the absolute value of the velocity |v(a)|.
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Example 4. Suppose that a ball is dropped from the upper observation deck of Taipei 101,
508m above the ground.

(a) What is the velocity of the ball after 5 seconds?

(b) How fast is the ball traveling when it hits the ground?

Solution. Using the equation of motion s = f(t) = 4.9t2, we have

(a) The velocity after 5 is .
(b) First we solve 4.9t2 = 508. This gives t; = %. The velocity of the ball as it hits the

ground is

1 Definition 5 (page 144). The derivative of a function f(x) at a number v = a (FE f(z) 1E
Bl o = o BWEH), denoted by f/(a), is

KfYjrUESRtA

oy — iy L&) = fla) . flath) — fla)
f'(a) = lim ———— = lim o

T—a Tr—a h—0

if this limit exists.

If we use the point-slope form (Fi#IzX) of the equation of a line, we can write an equation
of the tangent line to the curve y = f(x) at the point P(a, f(a)):

y = fla) = f'(a)(x —a).
[ BRI BEMR IR SRS . YHEREEE.,

Example 6. Consider

wasin% ifx#£0
f(x)_{o ifz =0,

where « is a natural number. Determine whether f/(0) exists.

Solution. By the definition of derivative, we have

L EEGIEREE, $HEETHRE, BLFHEE,
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Rates of Change

Suppose y is a quantity that depends on another quantity z. Thus y is a function of z and we EaZiE

write y = f(x). If = changes from z7 to x2, then the change in z (also called the increment
(#hn&) of z) is Az = x3 — x1, and the corresponding change in y is Ay = f(xg) — f(xy). S-asarsnm

The difference quotient

Ay f(x2) — f(@1)

Az T — I

is called the average of the change of y with respect to v (F¥F8L2S) over the interval [x1, xo).
We say

x2) — f(x
instantaneous rate of change = lim el lim M
Az—0 Az z2—11 To — I

The derivative f’(a) is the instantaneous rate of change of y = f(z) with respect to x when
z = a (BHELER).

Examples of rates of change:
(1) Velocity of an object: the rate of change of displacement with respect to time.

(2) Marginal cost (ZBREA): the rate of change of production cost with respect to the

number of items produced.
(3) Interest (in economics): the rate of change of the debt with respect to time.
(4) Power (in physics, JIZ): the rate of change of work with respect to time.

(5) Rate of reaction (in chemistry): the rate of change in the concentration (¥&&) of a

reactant with respect to time.

(6) Rate of change of the population of a colony of bacteria with respect to time. (biology)
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2.8 The Derivative as a Function, page 152
Definition 1 (page 152). The derivative of f(z) (f(x) FIEKE) is

flz+h) - f(z)
p :

UtCufTsRzv8 f/(:lj) = hm
h—0

HRH f(x) WEEERZE {r € R|f'(z) exists}o
pist 153} G f/( )— Jim. Hath)=/@), o umaEng ¢ (x) = Jim. flath)—f(z)
HNMEEEER %&E@E% BEFLEEMES,

>

[
[
HE

Example 2. Let f(x) = 23. Find f'(z).

Solution. By definition,

Other Notations

If we use the traditional notation y = f(z) to indicate that the independent variable is x and
the dependent variable is y, then some common alternative notations for the derivative are as

follows:

dy ﬁ_d

Fw) =y ==L = —1@) = Df(@) = Dt (@)

The symbols D and L are called differentiation operators (f45%-F) because thy indicate the
operation of differentiation.
We use the notation
dy
dz

or %
dz T=a

to indicate the value of a variable j—g at a specific number a, which is a synonym for f’(a).
EEEE Definition 3 (page 155). A function f is differentiable at a (£ z = a W) if f/(a)

i exists. It is differentiable on an open interval (a,b) (or (a,o0) or (—oo,a) or (—oo,00)) if it is

mroencoF Bg - ifferentiable at every number in the interval.

[ ERBAERR (o, 0], AR EH NER hn%w B lim LOAMI0)
—

h—0—
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Theorem 4 (page 157). If f is differentiable at a, then f is continuous at a.

Proof of Theorem 4 is in the Appendix.
L] Theorem 4 KIHAHGLTE, B0 f(z) = |2/,
U #2 F SRS REEE, HRERTH.
How Can a Function Fail to Be Differentiable?

(1) corner or kink: the graph of f has no tangent at this point and f is not differentiable
there.

(2) discontinuity: f is not continuous at a, then f is not differentiable at a.

(3) vertical tangent line: f is continuous at a and lim |f’(z)| = oo.
Tr—a

Figure 1: Three ways for f(x) not to be differentiable at z = a.

Higher Derivatives

If f is differentiable function, then its derivative f’ is also a function, so f’ may have a E3E
derivative of its own, denoted by (f’)’ = f”. This new function f” is called the second g
derivative of f (ZZREE). We write the second derivative of y = f(x) as b261rRqbKnA

4 (%) _ &y
dr \dz /)  da?’
L1 acceleration (NIEREE): ¥ BB S R AR R L. 25,

The third derivative f” (ZZREE) is the derivative of the second derivative: f” = (f").

If y = f(z), then alternative notations for the third derivative are

y/// _ f///(ﬂi) . d (@) dgy

T dz \da?2) T da¥

In general, the n-th derivative (n > 4) of f is denoted by f(™. If y = f(z), we write
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Example 5. Suppose

l—cosz
=== >0
) = sinx
f(@) {am—i—b xz < 0.

Find @ and b such that f is continuous and differentiable at x = 0.

Solution.

[ s s — % DR (M | WER (BEEX).

EysE Example 6. Let f(z) = z|z|. Find f'(z) and f”(x).
AR
it

mvhPYZQ-DuY

Solution.
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O sBE5 e £ EY (FHLEEGITFHE = = 0 &) 4E [HEE] VDR,

O sty lim J5=HE RIGHRBARAIER lim /(o + h) R ETRH8 S
O 529 CH(R) BATE k KRS0 SR MR £ S

O % f(e) € CY(R), BIE lim f(z) = f/(lim z) = f'(a)s

O ##: f(z) = z|lz| € CH(R).

Appendix

Proof of Theorem 4. The goal is to show that ligl f(x) = f(a).

For x # a, we have

f@) - ra) = PO )
g — st = iy (PO ) =t P e )
= f'(a)-0=0.
Hence

lim f(z) = lim (f(z) - f(a) + f(a)) = lim(f(2) — f(a)) + lim f(a)

r—a T—a r—a r—a

=0+ f(a) = /(a).

[ 5[]
=

3e2zttnxYy0



